Preface

The purpose of this book is to provide an introduction to stochastic controls theory,
via the method of dynamic programming. The dynamic programming principle,
originated by R. Bellman in 1950s, is known as the two stage optimization
procedure. When we control the behavior of a stochastic dynamical system in order
to optimize some payoff or cost function, which depends on the control inputs to
the system, the dynamic programming principle gives a powerful tool to analyze
problems. Exploiting the dependence of the value function (optimal payoff) on
its terminal cost function, we will construct a nonlinear semigroup which allows
one to formulate the dynamic programming principle and whose generator provides
the Hamilton–Jacobi–Bellman equation. Here we are mainly concerned with finite
time horizon stochastic controls. We also apply the semigroup approach to controlstopping problems and stochastic differential games, and provide with examples
from the area of financial market models.
This book is organized as follows. Chapters 1–4 deal with completely observable
finite-dimensional controlled diffusions. Chapters 5 and 6 are concerned with
Hilbert space valued stochastic processes, related to partially observable control
problems.
Chapter 1 is a review of stochastic analysis and stochastic differential equations
with random coefficients for later uses. Chapter 2 deals with control problems with
finite-time horizon. By a time-discretization method we construct a semigroup,
associated with the value function, whose generator provides the Hamilton–Jacobi–
Bellman equation. When the value function is smooth, it becomes a classical
solution of the Hamilton–Jacobi–Bellman equation. However, it satisfies the equation in viscosity sense even if it is not smooth. Chapter 3 is concerned with viscosity
solutions of nonlinear parabolic equation, including Hamilton–Jacobi–Bellman
equations of stochastic controls and also stochastic optimal control-stopping problems. Chapter 4 presents zero sum, two-player, time-homogeneous, stochastic
differential games and the Isaacs equations. We consider stochastic differential
games by using progressive strategies. Then we construct semigroups associated
with the upper and lower values, by using a semidiscretization method. These
semigroups lead to the formulation of the dynamic programming principle and
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to the upper and lower Isaacs equations. The link between stochastic control and
differential game is given via the risk sensitive control. Chapter 5 is a review on
stochastic evolution equations on Hilbert spaces, in particular stochastic parabolic
equations with colored Wiener noises. Basic definitions and results and Itô’s
formula are presented. Chapter 6 is concerned with control problems for Zakai
equations. We again construct semigroups associated with the value functions.
The dynamic programming principle and viscosity solutions of Hamilton–Jacobi–
Bellman equations on Hilbert spaces are treated by using results obtained in the
previous chapters. We show the connection between controlled Zakai equations and
control of partially observable diffusions.
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