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Essential background

Plurality should not be posited without necessity
William of Ockham (ca. 1285–1349).

The purpose of this chapter is to introduce the basic knowledge required by the reader
to understand the description of the sonar equations introduced in Chapter 3, and no
more than this. The knowledge is sub-divided into four general subject areas:
oceanography, acoustics, signal processing, and detection theory. Further details
of these four areas, omitted here for simplicity, are described in Chapters 4 and
following.

2.1

ESSENTIALS OF SONAR OCEANOGRAPHY

This section describes those basic physical properties of the sea and the air–sea
boundary of relevance to the generation, propagation, and scattering of sound at
sonar frequencies. The speed of sound and the density of water inﬂuence the
generation and propagation of sound. These and other related parameters are
described in Section 2.1.1, followed by the relevant properties of air in Section
2.1.2. A more comprehensive description of these oceanographic properties is
provided in Chapter 4.
Many parameters of relevance to underwater acoustics vary with temperature T,
salinity S, and hydrostatic pressure (often parameterized through the depth from
the sea surface z). Where ‘‘representative’’ numerical values are quoted, they are
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evaluated for the following conditions:
T ¼ 10  C;
S ¼ 35;
depth z ¼ 0:
By convention the depth co-ordinate z is zero at the sea surface and increases
downwards to the seabed.
For simplicity, in Chapters 2 and 3 the ocean is assumed to extend to inﬁnite
depth, with uniform properties occupying the entire half-space satisfying z > 0. For
example, the speed of sound and density are assumed independent of depth and
range. The purpose of the quantitative numerical calculations based on this idealization (see Worked Examples in Chapter 3) is to illustrate the main principles of sonar
performance modeling, rather than to provide realistic estimates of detection performance. More realistic examples are presented at the end of the book, in Chapter 11.
2.1.1

Acoustical properties of seawater

The two most important acoustical properties of seawater are the speed at which
sound waves travel (abbreviated as sound speed ) and the rate at which they decay
with distance traveled (the decay rate, or absorption coeﬃcient). A third parameter
that can inﬂuence sound propagation, through its eﬀect on interaction with boundaries, is density. The density of seawater, and the speed and absorption of sound in
seawater, all depend on salinity, temperature, and pressure. At low frequency the
absorption also depends on acidity or pH (see Chapter 4).
2.1.1.1

Speed of sound

For the representative conditions described above, the sound speed in seawater,
denoted cwater , is 1490 m/s. More generally, the parameters S, T, and P all vary with
depth and therefore so too does the sound speed, resulting in signiﬁcant refraction. A
discussion of these gradients and their important acoustic eﬀects is deferred to
Chapters 4 and 9. Here and in Chapter 3 they are neglected for simplicity. The
wavelength  at frequency f is
 ¼ cwater =f :
2.1.1.2

ð2:1Þ

Density

The density of seawater (water ) under the representative conditions introduced above
is 1027 kg/m 3 . Departures of seawater density from this value are small and for most
sonar performance applications may be neglected.
2.1.1.3

Attenuation of sound

Attenuation is the name given to the process of decay in amplitude due to a combination of absorption and scattering of sound. The term ‘‘absorption’’ implies conversion
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to some other form of energy, usually heat, whereas ‘‘scattering’’ implies a redistribution in angle away from the original propagation direction, with no overall loss
of acoustic energy.
The rate of attenuation of sound in water is less than in air and much less than
that of electromagnetic waves in water. Low-frequency sound, of order 1 Hz to 10 Hz,
can travel for thousands of kilometers, but high-frequency sound is attenuated more
rapidly. The attenuation coeﬃcient water increases monotonically with frequency by
about four orders of magnitude in the frequency range from 30 Hz to 300 kHz, and
quadratically with frequency thereafter. For frequencies f exceeding 200 Hz, it can be
written (see Chapter 4)
water ¼ 1

f2
f2
þ

þ 3 f 2 :
2 2
f 2 þ f 21
f þ f 22

ð2:2Þ

For the speciﬁed representative conditions, the three coeﬃcients i are1
1 ¼ 1:40  10 2

Np km 1 ;

2 ¼ 5:58

Np km 1

3 ¼ 3:90  10 5

Np km 1 kHz 2 :

and
ð2:3Þ

The frequencies f1 and f2 , explained further in Chapter 4, are known as relaxation
frequencies and for the representative conditions are equal, respectively, to 1.15 kHz
and 75.6 kHz.
Numerical evaluation of Equation (2.2) gives (to the nearest order of magnitude)
water  10 3 , 10 1 , and 10 þ1 Np/km at 300 Hz, 10 kHz, and 300 kHz, respectively. A
graph of water vs. frequency, computed using Equation (2.2), is plotted in Figure 2.1.
The reciprocal of the attenuation coeﬃcient (i.e.,  1 ), plotted on the same graph,
provides a rough measure of the distance that sound can travel in water if unimpeded
by physical obstacles. This quantity is referred to here as ‘‘audibility’’, the acoustical
analogue of optical ‘‘visibility’’, and varies between 10 2 m Np1 at 300 kHz and
10 6 m Np 1 at 300 Hz. By comparison, the attenuation coeﬃcient of green light2
is at least 10 2 Np m1 for clear seawater, so that the optical visibility in water
never exceeds 10 2 m Np1 and is usually less than 10 1 m Np1 . Thus, for acoustic
frequencies up to 300 kHz, the audibility of sound exceeds the maximum visibility of
light by up to six orders of magnitude. This is the reason why sound waves have
1

Two sound waves are said to diﬀer in level by 1 Np if their amplitudes are in the ratio 1 : e.
The neper (Np) and the related unit the decibel (dB) are deﬁned in Appendix B.
2
The sea is opaque to electromagnetic radiation with the exception of visible light, very low
frequency radio waves, and gamma rays. The extinction coeﬃcient is a measure of the decay of
light intensity with distance, and in the present notation is equal to 2opt ,where opt is the
optical attenuation coeﬃcient in units of nepers per unit distance. For example, the value
quoted by (Clarke and James, 1939) of 4 % per meter for the extinction coeﬃcient in the
Sargasso Sea means that expð2opt xÞ ¼ 0:96 when the distance x ¼ 1 m. Taking logarithms
gives 2opt ¼ 0:04/m.
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Figure 2.1. Numerical value of attenuation coeﬃcient vs. frequency of sound in seawater 
(expressed in units of nepers per megameter) and of its reciprocal,  1 (in kilometers per neper),
calculated using Equation (2.2) for the speciﬁed representative conditions: S ¼ 35; T ¼ 10  C;
z ¼ 0.

become the most successful means of probing the underwater environment. It is the
raison d’eˆtre of sonar.
2.1.2

Acoustical properties of air

Together with those of seawater, the properties of air determine the reﬂection
coeﬃcient at the air–sea boundary. The sound speed and density of air depend on
temperature (T) and pressure (P). For the representative conditions, these are
cair ¼ 337 m/s and air ¼ 1.25 kg/m 3 . Thus, both  and c in air are considerably lower
than their counterparts in water, which has important implications for the behavior
of underwater sound.

2.2
2.2.1

ESSENTIALS OF UNDERWATER ACOUSTICS
What is sound?

Steady-state pressure increases with increasing depth z and is equal to the total weight
per unit area of water plus atmosphere supported above that depth. This quantity is
called the static pressure (or hydrostatic pressure) and can be expressed quantitatively
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in the form
Pstat ðzÞ ¼ Patm þ Pgauge ðzÞ;

ð2:4Þ

where Patm is the atmospheric pressure (approximately 101 kPa); and Pgauge is the
additional pressure due to the weight of the water above depth z (the gauge pressure)
ðz
ð2:5Þ
Pgauge ðzÞ ¼ water ðÞgðÞ d:
0

Underwater disturbances result in departures P from this value, for an arbitrary
position vector x,
ð2:6Þ
Ptot ðx; tÞ ¼ Pstat ðzÞ þ Pðx; tÞ:
Once created, provided that certain basic conditions are met (Pierce, 1989), a pressure
disturbance propagates with the speed of sound, and P is known as the acoustic
pressure, henceforth denoted qðx; tÞ and assumed small by comparison with static
pressure.3 Such an acoustic disturbance is known as underwater sound. The study
of this sound is called underwater acoustics. The assumption of small q simpliﬁes
the mathematics and is generally justiﬁed because atmospheric pressure is large
compared with typical acoustic pressure ﬂuctuations.
A brief account is given here of radiation and scattering of underwater sound
from simple sources and for a simple geometry. First, radiation is considered from a
point source in an inﬁnite uniform medium, with and without a perfectly reﬂecting
plane boundary (Section 2.2.2). Then the scattering of plane waves is considered, ﬁrst
from a point object and then from a rough surface (Section 2.2.3). The sea surface is
considered as an example of a reﬂecting surface, a radiating surface, and a scattering
boundary. A more complete treatment of these phenomena is presented in Chapters 5
and 8.
2.2.2

Radiation of sound

2.2.2.1
2.2.2.1.1

Radiation from a point monopole source
Spherical spreading

Consider a point monopole4 source of power W. To generate sound at a given
frequency, the source must expand and contract at that frequency. During expansion
the source motion causes an increase in density of the surrounding ﬂuid, with a
corresponding increase in its pressure. The resulting high-pressure disturbance
propagates outwards in the form of a spherical wave, traveling at the speed of
sound cwater . The same sequence follows a contraction, except with a low-pressure
disturbance replacing the high-pressure one.
At any ﬁxed moment in time the radiated ﬁeld comprises a series of concentric
‘‘rings’’ (actually spherical shells in three dimensions) of alternating high and low
3
The symbol p, introduced in Section 2.2.2, is reserved for a complex variable representing the
acoustic pressure. See footnote 5.
4
A monopole source is one with a ﬂuctuating volume, such as a pulsating bubble.
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pressure. The potential of these rings to do work on the surrounding medium can be
expressed in terms of their potential energy density (Pierce, 1989)
ðPÞ

EV ¼

q2
;
2Bwater

ð2:7Þ

where EV denotes energy per unit volume; and Bwater is the bulk modulus of water, a
measure of its opposition to compression or rarefaction, analagous to the stiﬀness of
a spring, and equal to
ð2:8Þ
Bwater ¼ water c 2water :
The rings also contain kinetic energy, due to the particle velocity u, given by
ðKÞ

EV ¼

water juj 2
:
2

ð2:9Þ

The superscripts ðPÞ and ðKÞ in Equations (2.7) and (2.9) denote potential and kinetic
energy, respectively. If the pressure and particle velocity are in phase, it can be shown
that the kinetic and potential densities are equal (Pierce, 1989), so that the average
rate of energy ﬂux (i.e., intensity) is


ðKÞ
ðPÞ
ðPÞ
I ¼ cwater E V þ E V ¼ 2cwater E V ¼

q2
;
water cwater

ð2:10Þ

where the overbar indicates an average in time. Conservation of energy demands that
the total radiated power at distanceqsﬃﬃﬃﬃﬃfrom the source, 4 s 2 I, be constant, which

means that the RMS pressure (i.e.,

q 2 ) must vary as 1=s with distance.

A point monopole source radiates omni-directionally (i.e., with equal power in all
directions). At a distance s from the source, in the assumed uniform medium the
energy is distributed uniformly on a sphere of surface area 4 s 2 (Figure 2.2), so the
component of acoustic intensity normal to the surface of the sphere at a distance s is
IðsÞ ¼

W
:
4 s2

ð2:11Þ

Also of interest is the acoustic pressure resulting from the point source. Using
standard complex variable notation for a diverging harmonic spherical wave of
angular frequency !, the complex pressure ﬁeld p varies with time t and distance s
according to Pierce (1989)5
pﬃﬃﬃ
e iðks!tÞ
;
ð2:12Þ
pðs; tÞ ¼ 2p0 s0
s
where p0 is the RMS pressure at a distance s0 from the source; and k is the acoustic
wave number, so that
ð2:13Þ
k ¼ !=cwater :
5
The real part of the complex variable pðs; tÞ is the acoustic pressure qðs; tÞ. Unless otherwise
stated, an expði!tÞ time convention is used for traveling waves throughout.
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Figure 2.2. Radiation
from a point source of
power W in free space.
The intensity at a
distance s is
I0 ¼ W=ð4 s 2 Þ. At
distance 2s the same
power has spread into
four times the area,
reducing the intensity by
a factor of 4.

The true acoustic pressure is obtained by taking the real part of Equation (2.12), so
that
pﬃﬃﬃ
cosðks  !tÞ
qðs; tÞ ¼ 2p0 s0
:
ð2:14Þ
s
From Equation (2.10) it follows that
I¼

j pj 2
;
2w cw

ð2:15Þ

where the ‘‘water’’ subscript is abbreviated henceforth as ‘‘w’’. From Equations
(2.11), (2.12), and (2.15) it then follows that


W 1=2
;
ð2:16Þ
p0 s0 ¼ w cw
4
or more generally (for a directional source)
p0 s0 ¼ ðw cw WO Þ 1=2 ;

ð2:17Þ

where WO indicates the radiated power per unit solid angle (the radiant intensity).
It is convenient to deﬁne a steady-state propagation factor FðsÞ in terms of the
ratio of the mean square pressure at the receiver to that at a small distance ðs0 Þ from
the source, such that
FðsÞ ¼

q2
j pj 2
¼ 2 2:
2
2
p 0 s 0 2p 0 s 0

ð2:18Þ

Deﬁned in this way, the propagation factor has dimensions [distance] 2 . For a
spherical wave in a medium of uniform impedance it is equal to the ratio of received
intensity I to the radiant intensity WO .
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It follows by substituting for pðs; tÞ from Equation (2.12), scaled by expðsÞ to
account for absorption, that the propagation factor for a point source in a uniform
medium is
FðsÞ ¼

e 2s
;
s2

ð2:19Þ

where  is the sound attenuation coeﬃcient introduced in Section 2.1.1.3.
The above arguments apply to a steady-state ﬁeld due to a source of constant
radiant intensity. If the power is transmitted for a short time only, it is useful to think
in terms of the transient ﬁeld resulting from the total radiated energy per unit solid
angle EO . The appropriate propagation factor under these conditions is obtained by
integrating the numerator and denominator of Equation (2.18) over time instead of
averaging them:
ð
q 2 dt
:
ð2:20Þ
FðsÞ
w cw EO
To summarize, the steady-state mean square pressure for a source of radiant intensity
WO , from Equation (2.18), is
q 2 ¼ w cw WO FðsÞ

ð2:21Þ

and for a transient ﬁeld, the time-integrated pressure squared, from Equation (2.20),
is
ð
ð2:22Þ
q 2 dt ¼ w wEO FðsÞ:
Either way, FðsÞ is given by Equation (2.19) for an omni-directional point source in
an inﬁnite uniform medium. The same equation applies also for a directional source,
provided that WO (or EO ) is measured in the direction of the receiver.
The behavior described by Equation (2.19), characterized by its s 2 dependence
due to the spherical nature of the expanding wave front, is known as spherical
spreading.
2.2.2.1.2

Reﬂection from the sea surface

Now consider the eﬀect of placing a reﬂecting boundary, such as the sea surface, close
to the point source of Section 2.2.2.1.1. There are two straight-line ray paths connecting the source to any given receiver position: the direct path and a surface
reﬂected one. If the source is at depth z0 below the surface (see Figure 2.3), the
contribution to the pressure ﬁeld at the receiver due to the direct path is given by
Equation (2.12) with a source–receiver separation equal to
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2:23Þ
s ¼ r 2 þ ðz  z0 Þ 2 :
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Figure 2.3.
Radiation from a
point source in the
presence of a
reﬂecting boundary.

The reﬂected path can be thought of as originating from an image source at
height z0 above the boundary, with image–receiver separation of
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2:24Þ
sþ ¼ r 2 þ ðz þ z0 Þ 2 :
Using the method of images, the two contributions from source and image are added
coherently to obtain the total pressure at the receiver, scaling the reﬂected path by the
surface reﬂection coeﬃcient R
"
#
pﬃﬃﬃ
e ðikÞs
e ðikÞsþ i!t
p ¼ 2 s0 p 0
þR
:
ð2:25Þ
e
s
sþ
If R is real (implying a phase change on reﬂection of 0 or ) it follows that
Fðsþ ; s Þ ¼

e 2s R 2 e 2sþ 2Re ðs þsþ Þ
þ
þ
cosð2kxÞ;
s sþ
s 2
s 2þ

ð2:26Þ

where
x

sþ  s
2z0 z
¼
:
2
s  þ sþ

ð2:27Þ

Equation (2.26) can be interpreted as follows. The ﬁrst and second terms on the
right-hand side are associated with the energy from the direct and surface-reﬂected
ray paths, respectively. The third term is due to interference between these two paths,
resulting from the coherent addition of complex pressures. The expression is useful
for broadband applications because the third term vanishes after averaging over
frequency.
An (equivalent) alternative version, convenient for narrowband applications, is
 x

e
e x 2
4R
ðs þsþ Þ
þR

sin 2 ðkxÞ :
ð2:28Þ
Fðsþ ; s Þ ¼ e
s
sþ
s sþ
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It is often the case that the distances sþ and s are approximately equal, such that the
product x is suﬃciently small to neglect the x terms, and sþ  s
sþ þ s .
Furthermore, for many applications the sea surface can be treated as a perfect
reﬂector with a -phase change (i.e., R ¼ 1; see Box on p. 37). It then follows that


4e 2s 2 kz0 z
sin
;
ð2:29Þ
Fcoh ðsÞ
s
s2
where
ð2:30Þ
s ¼ ðs þ sþ Þ=2:
The sequence of sinusoidal peaks and troughs predicted by Equation (2.29) is known
as a Lloyd mirror interference pattern. The ‘‘coh’’ subscript stands for ‘‘coherent
addition’’, indicating that the two contributions to the total pressure, from the direct
and reﬂected paths, respectively, are added with regard to their phase, before
squaring. This means that the phase diﬀerence information is used for the purpose
of combining the contributions from the two paths. Speciﬁcally, if Equation (2.25) is
written in the form
pﬃﬃﬃ
ð2:31Þ
p ¼ 2s0 p0 ðFþ þ F Þ;
where
F ¼

e ðikÞs i!t
e
s

ð2:32Þ

and
Fþ ¼ R

e ðikÞsþ i!t
e
;
sþ

ð2:33Þ

it follows that
Fcoh ¼ jFþ þ F j 2 :

ð2:34Þ

The ‘‘incoherent’’ propagation factor is obtained by discarding the phase terms. In
other words
Finc ¼ jFþ j 2 þ jF j 2 :

ð2:35Þ

Alternatively, averaging Fcoh over (say) frequency
hFcoh i ¼ hjFþ j 2 i þ hjF j 2 i þ h2jFþ jjF j cosð2kxÞi:

ð2:36Þ

The ﬁrst two terms are hardly aﬀected by the average and together approximate to
Finc . If the average is over several cycles of the cosine function, the third term can be
expected to average out to zero, and hence
hFcoh i

Finc :

ð2:37Þ

For this reason, there are many situations in which a coherent sum (add and square),
followed by an average over frequency, gives the same result as an incoherent sum
(square and add).
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The reﬂection coeﬃcient at the air–sea boundary
The reﬂection coeﬃcient at the sea surface is determined by the impedance of air
relative to that of water. The characteristic impedance of air for the assumed
representative conditions is given by
Zair ¼ air cair ¼ 420 kg m 2 s 1 ;
more than three orders of magnitude smaller than that of water, which is equal to
Zwater ¼ water cwater ¼ 1:53  10 6 kg m 2 s 1 :
The low impedance of air compared with that of water means that the acoustic
pressure required to achieve a given acoustic intensity is much smaller in air than in
water. From the continuity of pressure across the boundary it follows that the
pressure on the boundary itself must also be small, and to ﬁrst order this can be
approximated by the boundary condition p ¼ 0 at z ¼ 0. The only way this can be
achieved for an incident plane wave of ﬁnite amplitude in water is for a reﬂected
wave to be generated at the surface of the same amplitude and opposite phase. Let
the horizontal and vertical wave numbers be and , respectively, so that the
incident wave can be represented by
pincident ¼ e ið

x zÞ i!t

e

and the reﬂected wave by
preflected ¼ Re ið

xþ zÞ i!t

e

:

By adding these two terms it can be seen that the only way the total pressure
pincident þ preflected can be zero everywhere on the z ¼ 0 boundary is if R ¼ 1. This
has two important consequences. First, the unit magnitude corresponds to 100 %
reﬂection of energy, so that sound becomes trapped in the sea, potentially
traveling very long distances. Second, the negative sign means a phase change
of the reﬂected wave relative to the incident one, which results in near-perfect
cancellation of acoustic pressure close to the sea surface.
In general, the reﬂection coeﬃcient is a function of frequency, and of the
physical properties of the reﬂecting boundary. For example, the sea surface reﬂection coeﬃcient depends on the wave height and on the population of near-surface
bubbles created by breaking waves (see Chapters 5 and 8.)

2.2.2.2

Radiation from an inﬁnite sheet of uniformly distributed dipoles

One of the factors that limit sonar performance is the presence of background noise in
the sea. Much of this background noise originates at the sea surface (e.g., due to
breaking waves). Consider an inﬁnitesimal patch of sea surface with surface area A
and radiating power per unit surface area and solid angle WAO . The contribution
from this patch to the mean square pressure at a receiver situated at a distance s (see
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Figure 2.4. Radiation from a
sheet source element of
width r.

Figure 2.4) is
q 2 ¼ w cw WAO A

e 2s
:
s2

ð2:38Þ

The sea surface behaves like a sheet of dipoles,6 with a radiation pattern proportional
to sin 2 , so that7
3
WAO ¼
ð2:39Þ
WA sin 2 ;
2
where  is the ray grazing angle (the angle between the ray path and the horizontal), so
that
q2 ¼

3
e 2s
WA A w cw 2 sin 2 :
2
s

ð2:40Þ

The solid angle O subtended by the surface element r at the receiver, for an
azimuthal increment , is
O ¼ cos   
ð2:41Þ
6
A dipole source is one made out of two out-of-phase monopole sources, placed an
inﬁnitesimal distance apart (in practice, they must be separated by at most a small fraction
of a wavelength). An important distinction between a monopole and a dipole is that in the case
of the dipole source, there is no net change in volume. See Crocker (1997) for details.
7
The constant 3=ð2 Þ ensures thatÐ the power radiated per unit area, integrated over all solid
angles (into the lower half-space) 2 WAO dO is WA . This follows from the use of
dO ¼ cos  d d and the result
ð2
ð =2
d
d sin 2  cos  ¼ 2 =3;
0

where  is the azimuth angle.

0
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where (Figure 2.4)
¼

r sin 
:
s

ð2:42Þ

The corresponding element of area at the sea surface is
A¼r r 

ð2:43Þ

s2 O
;
sin 

ð2:44Þ

so that
A¼

and hence (taking the limit of inﬁnitesimal O)


dq 2
3
2z
¼
 c W sin  exp 
:
dO 2 w w A
sin 

ð2:45Þ

This is the mean square pressure per unit solid angle, at the receiver position. Now
assume that the contribution to the pressure ﬁeld from each patch of the surface,
covering an inﬁnitesimal solid angle dO, is uncorrelated with all other contributions.
This means that the energy contributions (mean square pressures) may be added
incoherently. The contribution from a concentric ring centered on the origin O is
therefore obtained by replacing d with 2 , so that dO becomes 2 cos  d. The total
mean square pressure is then found by integrating over 
ð =2 2
dq
cos  d ¼ 3w cw WA E3 ð2zÞ;
q2 ¼ 2
ð2:46Þ
dO
0
where E3 ðxÞ is a third-order exponential integral (see Appendix A). For small arguments, the limiting form may be used
lim E3 ðxÞ ¼ 12

x!0

so that, in the case of negligible attenuation (z
q2

3
2  w cw WA :

ð2:47Þ
1), Equation (2.46) becomes
ð2:48Þ

As an example, consider the radiation of sound from the sea surface, already
identiﬁed as an important source of background noise. The acoustic power radiated
by the sea surface due to wind (per unit area and bandwidth) can be written in the
form8 (see Chapter 8 for details)
WAf ¼
8

2
K;
3w cw

ð2:49Þ

The subscripts A and f denote derivatives with respect to area and frequency such that
dW
dW
d2W
Wf
WA
WAf
:
df
dA
dA df
This is a generalization of the notation introduced previously for power and energy per unit
solid angle
dW
dE
EO
.
WO
dO
dO
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where the parameter K varies with frequency f and wind speed v. An empirical
expression for K, based on measurements over a wide range of frequencies is
K ¼ 1:32  10 4

^v 2:24
1:5 þ F 1:59

mPa 2 Hz 1

ð2:50Þ

where F is the frequency in units of kilohertz
F

f
1 kHz

ð2:51Þ

and ^v is the wind speed in meters per second
^v

v
:
1 m/s

ð2:52Þ

Throughout this book, standard SI units and preﬁxes are used so that 1 mPa
(one micropascal) is equal to 10 6 Pa. See Appendix B for a complete list of SI
preﬁxes.

2.2.3
2.2.3.1

Scattering of sound
Scattering from a small object

The likelihood that an echo from a distant object is detected depends on how much
sound is reﬂected (i.e., scattered) in the direction of the receiving system. The ability
of a small underwater object to scatter sound is quantiﬁed by its scattering crosssection, deﬁned as the ratio of total scattered power W to incoming intensity I (from a
speciﬁed grazing angle in ), of an incident plane wave
ðin Þ ¼

W
:
Iðin Þ

ð2:53Þ

Thus,  is the scattered power per unit incident intensity and has dimensions of area.
A related quantity is the diﬀerential scattering cross-section, proportional to the
power per unit solid angle scattered in a speciﬁed direction9 (elevation out , and
bearing  relative to that of the incident plane wave):
O ðin ; out ; Þ ¼
9

WO ðout ; Þ
Iðin Þ

That is, the radiant intensity of the scattered sound.

ð2:54Þ
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ð2:55Þ

where the shorthand Oout denotes the direction (out ; ) and dOout is an element of
solid angle such that
ð2:56Þ
dOout ¼ cos out dout d:
The backscattering cross-section is deﬁned as the diﬀerential cross-section evaluated
in the backscattering direction, multiplied by 4 . In equation form10 (Pierce, 1989;
Morfey, 2001):11
 back ðÞ

4 O ð; ; Þ:

ð2:57Þ

The backscattering cross-section of a rigid sphere of radius a at high frequency
(ka  1), is (see Chapter 5)
 back ¼ a 2 :

2.2.3.2

ð2:58Þ

Scattering from a rough surface

The echo from an underwater object can be masked by sound that happens to arrive
at the same time, after it has been scattered from a rough boundary. For a rough
surface, the scattered power is proportional to the area ensoniﬁed by the incident
wave. In this situation it makes sense to deﬁne a (dimensionless) scattering coeﬃcient
as the diﬀerential scattering cross-section per unit scattering area; that is,
OA ðin ; Oout Þ

WOA ðOout Þ
:
Iðin Þ

ð2:59Þ

The parameter OA is also known as the scattering coeﬃcient of a rough surface.
Provided that the wind speed is low enough to neglect the inﬂuence of nearsurface bubbles, the scattering coeﬃcient for the sea surface is approximately (except
in directions close to that of specular reﬂection) (see Chapter 8)
OA ðin ; out ; Þ

CPM
tan 2 in tan 2 out ;
16

ð2:60Þ

where CPM is a constant equal to 0.0081. Often the scattering coeﬃcient is written as a
function of a single angle , in which case the backscattering direction is implied;
10
By ‘‘in the backscattering direction’’ is meant that the propagation direction of the scattered
wave is taken to be the same as that of the incident wave, except that its sense is reversed.
11
An alternative deﬁnition of backscattering cross-section as the diﬀerential scattering crosssection in the backscattering direction (i.e., omitting the factor 4 from Equation 2.57) is
sometimes used. In this book the deﬁnition of Equation (2.57) is used throughout. This point is
discussed further in Chapter 5.
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that is,
OA ðÞ

OA ð; ; Þ

CPM
tan 4 :
16

ð2:61Þ

Substituting for the numerical value of CPM gives
OA ðÞ

2.3

1:61  10 4 tan 4 :

ð2:62Þ

ESSENTIALS OF SONAR SIGNAL PROCESSING

When a sound wave reaches a sonar receiver, the acoustic pressure is ﬁrst converted
to an electrical voltage by an underwater microphone, or hydrophone. This voltage
could be displayed on an oscilloscope and monitored for evidence of something other
than background noise, such as the voltage exceeding some pre-established threshold.
Such a simple system might work in practice for a strong signal, while a weak one
would ﬁrst need to be enhanced by signal processing. For example, the signal-to-noise
ratio can be increased by ﬁltering out sound at unwanted frequencies, or from
unwanted directions or ranges, or a combination of these. Before any such enhancement begins, the electrical signal is passed through an anti-alias ﬁlter and then
digitized.12 The details of subsequent processing depend on the characteristics of
the expected signal, but almost all sonar systems use either a temporal ﬁlter to remove
noise at unwanted frequencies or a spatial ﬁlter to remove noise from unwanted
directions or both. No distinction is made in the following between acoustic and
electrical signals. The justiﬁcation for this is that the waveform, once digitized, can be
rescaled by an arbitrary constant factor to represent either the voltage or the original
pressure.
A time domain ﬁlter operation involves sampling a waveform in time and
combining successive samples in such a way as to remove any unwanted sound,
whereas a spatial ﬁlter (or beamformer) samples in space instead of time. Both are
described below, with the purpose of introducing some basic relationships between
time duration and frequency bandwidth (Section 2.3.1) and between spatial aperture
and beamwidth (Section 2.3.2). A more complete treatment of signal processing is
presented in Chapter 6.
2.3.1

Temporal ﬁlter

Imagine a receiving system that passes frequencies between fmin and fmax and blocks
frequencies outside this range. Such a system is called a passband ﬁlter of bandwidth
Df fmax  fmin . If fmin is zero it is a low-pass ﬁlter; if fmax is inﬁnite it is a high-pass
ﬁlter. General ﬁlter theory is beyond the present scope, but it is useful to introduce
12

An anti-alias ﬁlter is one that removes high-frequency signals above a threshold that depends
on the sampling rate of the subsequent digital sampler. According to the Nyquist–Shannon
sampling theorem, the maximum acoustic frequency that can be correctly sampled is half of the
sampling rate. This maximum permissible frequency is known as the Nyquist frequency.
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some basic concepts. A special kind of ﬁlter of particular interest is a discrete Fourier
transform (DFT),13 the basic properties of which are outlined below.
Let FðtÞ denote the time domain waveform of interest, sampled at discrete times
tn at ﬁxed intervals t. The DFT of FðtÞ is the spectrum Gð!Þ (see Appendix A for
details)
N1
X
Fðtn Þ expði!tn Þ;
tn ¼ t0 þ n t:
ð2:63Þ
Gð!Þ
n¼0

The inverse transform is the operation that recovers the original function FðtÞ from
the spectrum at discrete frequencies !m :
FðtÞ ¼

1
X
1N
Gð!m Þ expðþi!m tÞ;
N m¼0

!m ¼

2
m:
N t

ð2:64Þ

For the special case of simple harmonic time dependence of angular frequency !
FðtÞ ¼ e i!t ;

ð2:65Þ

it follows that
Dt
2
exp½ið!  !m Þtn  ¼
Gð!m Þ ¼
;
t
n¼0
sin ð!  !m Þ
2
sin ð!  !m Þ

N
1
X

ð2:66Þ

where the time origin is chosen for convenience to be at the center of the sequence of
time samples (such that t0 þ tN1 ¼ 0) and Dt is given by14
Dt ¼ N t;

ð2:67Þ

approximately equal to the signal duration.
1), the denomiIf the signal is well sampled in time (such that jð!  !m Þ tj
nator of Equation (2.66) may be approximated by the argument of the sine function.
The spectrum is then given by
Gð!m Þ

N sincðyÞ;

ð2:68Þ

where
y ¼ ð!  !m Þ

Dt
2

ð2:69Þ

and sincðyÞ is the sine cardinal function, deﬁned (see Appendix A) as
sincðyÞ

sin y
:
y

ð2:70Þ

Written in this form it can be seen that the DFT operation, with output Gð!m Þ, is a
passband ﬁlter, centered on !. The parameter Dt (the total time duration) determines
13

When the number of points in a DFT is a power of 2, a particularly eﬃcient implementation
is possible. This eﬃcient implementation is also known as a fast Fourier transform (FFT).
14
The time between ﬁrst and last samples is equal to Dt  t, which is approximately equal to
Dt if t is assumed small.
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the frequency resolution of the ﬁlter through the argument of the sinc function.
Speciﬁcally, the full width at half-maximum (fwhm), i.e., the spectral width between
half-power points, is given by
 
4
1
ð2:71Þ
!fwhm ¼ sinc 1 pﬃﬃﬃ :
Dt
2
Evaluation of the inverse sinc function gives
pﬃﬃﬃ
sinc 1 ð1= 2Þ 1:3916;

ð2:72Þ

so the frequency resolution, as deﬁned by
!fwhm
;
2
is approximately equal to the reciprocal of the total time duration Dt
pﬃﬃﬃ
2 sinc 1 ð1= 2Þ 1
0:886
ffwhm ¼
:
Dt
Dt
ffwhm

2.3.2

ð2:73Þ

ð2:74Þ

Spatial ﬁlter (beamformer)

Mathematically, there is no diﬀerence between spatial and temporal ﬁltering, except
that spatial ﬁltering can be carried out in more than one dimension. For simplicity,
the scope is limited here to a single dimension, so the expression for a spatial DFT can
be obtained from Equations (2.63) and (2.64) by replacing the time variable ðtÞ with
the spatial one ðxÞ. It is also customary to represent the spatial ‘‘frequency’’ (the wave
number) variable by the symbol k. Thus, the forward and inverse transforms are,
respectively,
GðkÞ

N1
X

Fðxn Þ expðikxn Þ;

xn ¼ x0 þ n x;

ð2:75Þ

n¼0

and
FðxÞ ¼

1
X
1N
Gðkm Þ expðþikm xÞ;
N m¼0

km ¼

2
m:
N x

ð2:76Þ

A collection of hydrophones whose output is combined to carry out spatial ﬁltering is
known as a hydrophone array or, if it extends in only one dimension, a line array.
Consider a pressure ﬁeld whose spatial distribution along such an array is of the form
FðxÞ ¼ e ikx :

ð2:77Þ

By an exact analogy with the time domain ﬁlter, if the origin is at the geometrical
center of the array it follows that
Dx
2
Gðkm Þ ¼
;
x
sin ðk  km Þ
2
sin ðk  km Þ

ð2:78Þ
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or (for suﬃciently small hydrophone spacing x)
Gðkm Þ

N sincðyÞ;

ð2:79Þ

where
y ¼ ðk  km Þ

Dx
;
2

ð2:80Þ

and the parameter Dx is
Dx ¼ N x:

ð2:81Þ

Here, the distance Dx plays the role of Dt in the time domain ﬁlter, and determines the
resolution of the spatial ﬁlter in the wavenumber domain. It is approximately equal to
the length of the array.
The approximation Equation (2.79) requires the signal to be well sampled in
space such that
1:
ð2:82Þ
jk  km j x
The fwhm in wave number, by analogy with Equation (2.71), is
 
4
1
sinc 1 pﬃﬃﬃ :
kfwhm ¼
Dx
2

ð2:83Þ

The output wavenumber spectrum of the hydrophone array is referred to as the array
response. The squared magnitude of the normalized array response for an incident
plane wave, known as the beam pattern of the array, is


2
 Gðkm Þ 2
 ¼ sin y
B 
ð2:84Þ
ðsinc yÞ 2 :

2
2 y
Gmax
N sin
N
Because of its ability to amplify selectively acoustic waves arriving from a narrow
range of angles (a ‘‘beam’’), the spatial ﬁlter is called a beamformer. To see how the
angle selection process works, consider an array aligned along the x-axis (y ¼ z ¼ 0)
and an acoustic plane wave traveling in a direction parallel to the x–y plane. The ﬁeld
of this plane wave as a function of space and time can be written
pðx; tÞ ¼ e ikEx e i!t ¼ expðikx xÞe iðky y!tÞ :

ð2:85Þ

Deﬁning  as the angle between the wavenumber vector and the plane normal to the
array axis, the along-axis wavenumber component is15
kx ¼

2
sin ;


ð2:86Þ

where  is the acoustic wavelength. Specializing to the ﬁeld along the array (y ¼ 0),
Equation (2.85) becomes
pðx; tÞ ¼ expðikx xÞe i!t :

ð2:87Þ

Now consider the ﬁeld at an arbitrary instant in time (say t ¼ 0) and use this ﬁeld as
15

Similarly, ky ¼ ð2 =Þ cos .
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Figure 2.5. Beam patterns for L= ¼ 5 and steering angles 0, 45 deg as indicated.

input to the beamformer, so that
FðxÞ

pðx; 0Þ ¼ expðikx xÞ:

The response is Equation (2.79), with


2
Dx
sin   km
:
y¼

2

ð2:88Þ

ð2:89Þ

If the magnitude of km does not exceed 2 =, there exists an arrival angle  at which
the beamformer output is maximized, corresponding to y ¼ 0. This value of  is given
by
k
ð2:90Þ
m ¼ arcsin m
2 =
and is known as the beam steering angle. It is measured from the direction perpendicular to the array axis, known as the broadside direction. Beam patterns for two
diﬀerent steering angles are shown in Figure 2.5.
The angular width of the beam varies with steering angle as follows. Taking a
ﬁnite diﬀerence of Equation (2.86)
kx

2
cos  ;


ð2:91Þ

the fwhm beamwidth is obtained by equating the right-hand sides of Equations (2.83)
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and (2.91):
fwhm

pﬃﬃﬃ
2 sinc 1 ð1= 2Þ


:
Dx cos m

ð2:92Þ

In radians this is
fwhm

0:886

fwhm

50:8


Dx cos m

rad

ð2:93Þ

deg:

ð2:94Þ

and in degrees

Dx cos m

This approximation for the beamwidth works best at angles close to the broadside
direction. For the case of Figure 2.5, the predicted and observed half-power widths
are about 10 deg at broadside ( ¼ 0) and 14 deg at ¼ 45 deg. The approximation
breaks down at angles close to 90 deg from broadside (i.e., parallel to the array axis,
known as the endﬁre direction), due to the singularity in the derivative d=dkx in that
direction. The equation for wavenumber width (Equation 2.83) is valid at any angle
(see Chapter 6).

2.4

ESSENTIALS OF DETECTION THEORY

The calculation of detection probability is the whole point of sonar performance
modeling and the ultimate goal of this book. Hence, considerable attention is paid to
its calculation. The end result of the processing, after all ﬁltering, is presented to a
sonar operator, whose job it is to report the detection or not of a (potential) sonar
target, based on the information provided by the sonar. Depending on the signal-tonoise ratio, the probability of making a detection might be high or low, but it is never
certain. The objective of statistical detection theory is to quantify this probability.
2.4.1

Gaussian distribution

In this section, expressions are derived for the probability of detection (denoted pd )
for a simple case involving a constant signal in Gaussian noise.16 The signal is
represented by the constant xS and noise by the variable xN ðtÞ. The signal, if present,
is always accompanied by a noise background, and the combination of both is
represented by xSþN ðtÞ. The parameter x can be the amplitude or energy of an
acoustic wave, depending on the processing, and is referred to below as the
‘‘observable’’.
The two possibilities ‘‘signal present’’ and ‘‘signal absent’’ are represented by the
total observable xtot given by either
xtot ðtÞ ¼ xSþN ðtÞ

ðsignal presentÞ

ð2:95Þ

16
The choice of constant signal and Gaussian noise is for mathematical convenience and does
not necessarily represent a realistic situation for a sonar system. More realistic distributions are
considered in Section 2.4.2.
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Table 2.1. Detection truth table; pd is the probability of deciding correctly
that a signal is present (‘‘detection probability’’) and pfa is the probability of
declaring a detection when there is no signal.
Threshold exceeded
xtot > xT

Threshold not exceeded
xtot < xT

Signal present
xtot ¼ xSþN

Correct decision
(probability pd )

Incorrect decision
(probability 1  pd )

Signal absent
xtot ¼ xN

Incorrect decision
(probability pfa Þ

Correct decision
(probability 1  pfa )

or
xtot ðtÞ ¼ xN ðtÞ

ðsignal absentÞ:

ð2:96Þ

A decision-maker (the sonar operator) presented with the data sequence xtot ðtÞ deems
a signal to be present whenever the value of xtot exceeds some threshold xT . To avoid
too many false alarms it is desirable for the threshold xT to exceed the noise, in some
average sense, but how should the noise be averaged, and by how much must this
average be exceeded? The answer depends, among other things, on the rate of false
alarms considered acceptable. The larger the threshold, the fewer false alarms will
result, at the expense of a reduced probability of detection.
Assuming that the operator must always choose between the two decisions
‘‘signal present’’ and ‘‘signal absent’’, irrespective of the chosen threshold there
are always four possible outcomes, according to Table 2.1.
Because of the statistical ﬂuctuations in the noise there is always a chance that the
threshold is exceeded when there is no signal, and conversely there is also a chance
that the threshold is not exceeded even when the target is present. Both situations lead
to an incorrect decision, indicated in the table by gray shading. The probability of
making a correct ‘‘signal present’’ decision is known as the detection probability and
denoted pd . The false alarm probability pfa is the probability of making an incorrect
‘‘signal present’’ decision.
One’s objective is to make the correct decision as often as possible. In other
words, to maximize pd , implying a low threshold, while at the same time minimizing
pfa , which requires a high threshold. These conﬂicting requirements are resolved in
practice by deciding in advance on a highest acceptable false alarm rate, and then
determining the threshold consistent with this rate. Thus, the values of pd and pfa
depend on the choice of xT as well as on the statistical ﬂuctuations of noise and of
signal þ noise.
The following calculations assume a randomly ﬂuctuating noise observable xN ðtÞ
with Gaussian statistics, and a non-ﬂuctuating signal so that the signal-plus-noise
(xSþN ) has the same statistics (the same Gaussian distribution with the same standard
deviation) as noise alone (xN ). Expressions for pfa and pd are derived below for these
assumptions.
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Noise only

Let the probability density function (pdf ) of the noise observable be fN ðxÞ, so that the
mean and variance of the distribution are
ð þ1
xN ¼
x fN ðxÞ dx
ð2:97Þ
1

and
2 ¼

ð þ1

ðx  xN Þ 2 fN ðxÞ dx;

ð2:98Þ

1

respectively. The Gaussian distribution with these properties (see Figure 2.6, upper
graph) is
"
#
1
ðx  xN Þ 2
:
ð2:99Þ
fN ðxÞ ¼ pﬃﬃﬃﬃﬃﬃ exp 
2 2
2 
2.4.1.2

Signal plus noise

Similarly, if the non-ﬂuctuating signal is added
"
#
1
ðx  xSþN Þ 2
fSþN ðxÞ ¼ pﬃﬃﬃﬃﬃﬃ exp 
;
2 2
2 

ð2:100Þ

illustrated by the lower graph of Figure 2.6. Assuming that the observable terms add
linearly, if the signal is constant, the signal-plus-noise can be written
xSþN ðtÞ ¼ xS þ xN ðtÞ
and therefore

ð þ1
xSþN

x fSþN ðxÞ dx ¼ xS þ xN :

ð2:101Þ
ð2:102Þ

1

Thus, the signal-plus-noise distribution has the same pdf as the noise alone but with a
higher mean value.
Suppose that a detection is declared by the operator whenever the threshold xT is
exceeded. The probability of this occurring as the result of a single observation is
equal to the area under the pdf curve to the right of the threshold. This area,
depending on whether in reality a signal is absent or present, is either pfa or pd .
In other words, respectively,


ð1
1
xT  xN
pﬃﬃﬃ
fN ðxÞ dx ¼ erfc
ð2:103Þ
pfa ¼
2
2
xT
where erfcðxÞ is the complementary error function (Appendix A), or


ð1
1
xT  xSþN
pﬃﬃﬃ
:
fSþN ðxÞ dx ¼ erfc
pd ¼
2
2
xT

ð2:104Þ

In this treatment, a large negative result is arbitrarily not considered a threshold
crossing. This choice might be justiﬁed if the observable is a positive deﬁnite quantity,
such that the negative tail of the Gaussian has no physical meaning. If large negative
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Figure 2.6. Probability density functions of noise (upper graph) and signal-plus-noise (lower)
observables. The threshold for declaring a detection, xT , is shown as a vertical dashed line. The
shaded areas are the probabilities of false alarm (upper graph) and detection (lower). The
example shown is for the case xN ¼ 2, xSþN ¼ 5, and xT ¼ 4.
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values were considered to be threshold crossings, the expressions for both pfa and pd
would then need to include contributions from values of x between 1 and xT .
Both pfa and pd vary between 0 and 1. It is convenient to replace xT in Equation
(2.104) by expressing it as a function of pfa (from Equation 2.103). The result is
1
x
pd ¼ erfc erfc 1 ð2pfa Þ  pﬃﬃSﬃ :
2
2

2.4.2

ð2:105Þ

Other distributions

The analysis of sonar detection problems requires the consideration of more
complicated distributions than that of a constant signal in Gaussian background
noise. A preview of some important results from Chapter 7 is presented below. In
each case, expressions are quoted for the false alarm probability pfa and detection
probability pd as a function of the signal-to-noise ratio (SNR).
2.4.2.1

Coherent processing (Rayleigh statistics)

Coherent processing for Gaussian noise results in a Rayleigh distribution for the
noise amplitude A. For an amplitude threshold AT , and assuming a Rayleigh distribution for the signal as well as for the noise, the false alarm and detection
probabilities are
!
A 2T
ð2:106Þ
pfa ¼ exp  2
2
and
1=ð1þRÞ

pd ¼ pfa

;

ð2:107Þ

where R is the SNR
R¼

2.4.2.2

A2
:
2 2

ð2:108Þ

Incoherent processing (chi-squared statistics with many samples)

Incoherent addition of a number of Rayleigh-distributed samples results in a chisquared (or ‘‘ 2 ’’) distribution for the total energy. The detection and false alarm
probabilities can be expressed for this distribution in terms of special functions as
described in Chapter 7. If the number of samples M is suﬃciently large (M > 100),
these expressions simplify to those presented below. For an energy threshold ET , the
false alarm probability becomes
"rﬃﬃﬃﬃﬃ
#
1
M ET
erfc
1 ;
ð2:109Þ
pfa
2
2 2M 2
where  is the standard deviation of the noise samples before any averaging. The
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detection probability simpliﬁes to

"
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ #
erfc 1 ð2pfa Þ  M=2R
1
erfc
;
1þR
2

pd

ð2:110Þ

where R is the power signal-to-noise ratio. Equation (2.110) can be rearranged for R:
R¼

erfc 1 ð2pfa Þ  erfc 1 ð2pd Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
M=2 þ erfc 1 ð2pd Þ

ð2:111Þ

If M 1=2 is large compared with erfc 1 ð2pd Þ, this simpliﬁes further to
R

erfc 1 ð2pfa Þ  erfc 1 ð2pd Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
M=2

ð2:112Þ

The condition on M makes Equation (2.112) mainly relevant to situations involving a
low SNR. If R and M are both large, there is usually no need for a detailed analysis,
because in this situation the detection probability is always close to unity.

2.5
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