Chapter 2

Introduction to Quantum Transport
in the Time Domain

The study of quantum transport is the study of the flow of electrons through small
electronic circuits, typically of a few microns (µm) in extent and cooled to cryogenic
temperatures <1 K. At such small length scales, and at such low temperatures, the
electrons behave according to the laws of quantum mechanics, which gives rise to
behaviour that is qualitatively different compared to the classical behaviour, due to
the fact that the electrons now behave as waves. The field of quantum transport is
now entering a new era as it becomes possible to modify these circuit devices on
shorter and shorter time scales. In practice this could involve applying a quicklychanging bias voltage across the device or rapidly charging and discharging a nearby
capacitor. Operating on ever shorter timescales allows us to access qualitatively
different regimes of operation for these devices, where we can start to probe the
internal dynamics far beyond the adiabatic limit.
In this thesis we are concerned with the theoretical and numerical techniques
required for treating this so-called “time-resolved quantum transport”. This chapter
contains a general introduction to the field of quantum transport, discussing the relevant length and time scales, before moving on to the recent experimental progress
that serves as a motivation for studying the emerging sub-field of time-resolved transport. Finally, we discuss existing theoretical and numerical techniques for treating
problems in this field.

2.1 Mesoscopic Quantum Electronics
Let us begin by getting a general feel for the sort of devices and length scales with
which we will be concerned in this thesis. In general we will be studying the coherent
transport of electrons, that is, where their quantum-mechanical wave-like nature is
exhibited; this is also referred to as quantum transport. This already puts an upper
bound on the size of circuit that we wish to consider. If we want to be able to observe
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quantum effects (notably interference), the phase of the electronic wavefunction must
remain well-defined across the system. At distances greater than L ϕ —the coherence
length—the electronic wavefunction will lose its well-defined phase; the characteristic quantum interference will tend to be washed out. The physical origin of the finite
coherence length is related to interactions of the electrons with other degrees of freedom in the material (e.g. lattice vibrations, impurities with some internal degrees
of freedom, or electron-electron interactions) [1, 2]. Naturally, then, the coherence
length will strongly depend on temperature; we will normally have to descend to
cryogenic temperatures (<1 K) in order to “freeze out” the non-electronic degrees of
freedom that will give rise to decoherence. At these temperatures coherence lengths
of the order of tens of µm have been measured experimentally in certain semiconductor heterostructures [3]. In this thesis we will not be concerned with the process
of decoherence per se, however we will always have to remember to place ourselves
in an appropriate parameter regime (with respect to system size and temperature) so
that decoherence is not an issue.
We will also impose a lower-bound on the length scales of interest to us; we do not
want to describe details on the scale of single atoms. While devices such as molecular
junctions—where a molecule is suspended between large metallic contacts—can, in
principle, be described by the techniques that we will present [4], this is not our
domain of interest. We will mostly be interested in cases where the electrons in a
material “see” the underlying ionic lattice as a continuum, and the specific material
properties enter only in the effective mass of the electrons [1]. This is valid when
the Fermi wavelength of the electrons is large compared to the inter-atomic distance.
This range of distances, of the order of a few µm but larger than atomic distances,
is referred to as the “mesoscopic” scale.
Another key feature of electronics at the mesoscopic scale is that devices are
usually constructed so that the electronic motion is restricted in one or more spatial dimensions. For the electrons, the circuit is effectively two or one dimensional,
even though the actual device obviously exists in three dimensions. The archetypal
mesoscopic system is the two-dimensional electron gas (2DEG) that forms at the
interface between layers of aluminium gallium arsenide and gallium arsenide; a
sketch is shown in Fig. 2.1a. Figure 2.1a also shows a simplified sketch of the
valence/conductance bands at the interface of such a heterostructure; we see that
the charge transfer that equalises the Fermi level on either side of the interface
induces an electric field that confines electrons close to the interface. The electronic
confinement along the z direction leads to quantization of the z component of the
quasi momentum pz , although the electrons are still quasi-free in the x − y plane
parallel to the interface. This quantization effectively “freezes out” the z degree of
freedom, as long as any perturbations made to the 2DEG are small compared to
the energy required to transition to a state with different pz . Figure 2.1b shows a
scanning electron microscope image of a mesoscopic circuit constructed from such
a heterostructure. The 2DEG is in a plane parallel to the image, embedded ∼100 nm
below the surface. The lighter grey rectangles are made of metal deposited on top of
the heterostructure, and are referred to as “gates”. As the gates are separated from the
2DEG by a layer of semiconductor (which is insulating) no electrons flow between
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Fig. 2.1 Illustrations of a 2DEG; a conceptual picture, and the experimental reality. a (i) Sketch of
an AlGaAs/GaAs heterostructure with a 2DEG at the interface and metallic Ti/Au gates deposited
on the surface. (ii) Sketch of the conduction (E c ) and valence (E v ) bands in the vicinity of the
interface. The “+” symbols show the positively charged donors and the 2DEG is indicated in grey.
(iii) A sketch of the quantised modes in the z direction; in this example only the lowest mode is
populated as the others are above the Fermi energy (E F ). b Scanning electron microscope image of
a flying qubit interferometer in an AlGaAs/GaAs 2DEG. The 2DEG is in a plane parallel to the page
and roughly 100 nm below it. The lighter grey regions are metallic gates deposited on the surface
of the heterostructure. Reprinted with permission from Ref. [6], copyright 2015 by the American
Physical Society

the gates and the 2DEG. If a voltage is applied to a gate, however, the electrons in the
2DEG will feel the electric field produced; this can be used to confine the electrons
within subregions of the 2DEG. The white squares in Fig. 2.1b indicate where electrons will be able to flow in/out of the 2DEG through ohmic contacts [5] into metallic
leads (we will also refer to these as electrodes or contacts). These leads interface
the quantum circuit with the macroscopic world, which consists of the measurement
apparatus, voltage sources, radio-frequency transmission lines etc.
In this thesis we will be developing and applying numerical techniques to simulate
the behaviour of these sorts of mesoscopic devices when their controlling parameters
(such as the gate or bias voltages discussed above) are modified quickly enough
to probe the internal dynamics of the device. Concretely this means varying the
control parameters quickly compared to the time it takes an electron to traverse
the device. In the 2DEGs discussed above the electrons at the Fermi level typically
travel at speeds of 104 –105 m s−1 [7], which means that the control parameters need
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to vary at frequencies in the range of tens of GHz, when the device is a few µm
in length. In addition, we also need to excite electrons at energies higher than the
thermal background if we hope to measure anything. This presents a less stringent
constraint, however, as quantum transport experiments are typically carried out at
temperatures 1 K, which corresponds to frequencies less than 20 GH Z . We refer
to quantum transport in the presence of time-varying device parameters as timedependent transport, and reserve the more specific term time-resolved transport to
refer to the case where the internal device dynamics are probed.

2.2 Experiments in the Time Domain
One of the first examples of time-dependent quantum transport being studied in the
laboratory was the measurement of photo-assisted tunnelling by Tien and Gordon [8],
where the presence of an a.c. bias voltage affects the d.c. current flowing through
a device. This was followed, at around the same time, by the discovery of the a.c.
Josephson effect [9, 10], where a d.c. bias voltage causes an a.c. output current
in a superconducting junction. Over the years several other novel effects at finite
frequency were discovered, such as charge pumping [11, 12] (where a purely a.c.
voltage with no d.c. component can induce a d.c. current).
The recent move towards time-resolved transport has been motivated by the desire
to build coherent sources of single electrons. To see why these two ideas are linked,
let’s consider the application of a finite, static bias to an electrode of a quantum
circuit. This can be seen as producing a continuous stream of electrons that flow
from the biased electrode to be collected by the other (grounded) electrodes. If we
now apply the bias only during a finite time interval, we will clearly only transfer
a finite number of charges. As we reduce the time over which we apply the bias
we will eventually arrive at the point where the bias “pulse” is so brief that only a
single charge is transferred. We refer to such weak/brief bias pulses as being “in the
quantum regime” when they only excite one or a few charges, i.e.
n=

e
h


V (t)dt,

(2.1)

where n is a small integer. Although in practice the generation of coherent single
electrons is more complicated than this naïve picture, it nevertheless motivates why
a time-resolved description will be necessary.
The first single-electron sources were realised using a different paradigm to the
one outlined above. Instead of applying a bias voltage to inject electrons from an
electrode into the quantum device, gates were used confine electrons in a region
of a 2DEG with size comparable to the Fermi wavelength [13–15]. As a result the
electrons in this so-called “quantum dot” have their energy quantised; A gate applied
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Fig. 2.2 Two techniques for producing coherent single-electron excitations in quantum circuits,
that were both recently realised experimentally. a Single-electron source using a quantum dot in a
2DEG. The schematic (top-right) shows how the gates (light grey) constrict the 2DEG (dark grey)
to form a quantum dot with discrete energy levels. The voltage V applied to the top-gate shifts the
levels of the dot to bring a single electron above the Fermi energy in the rest of the 2DEG; the
electron tunnels through the barrier and escapes. b Single-electron source using a lorentzian pulse
applied to an ohmic contact. The schematic (top-right) shows the ohmic contact (light grey) via
which charges can be injected from the lead into the attached to the 2DEG (dark grey). The bias
voltage pulse V excites the Fermi sea of the lead; the specific form of the pulse ensures that when
(e/ h) V (t)dt = 1 the net result is that only a single electron is excited, and the Fermi sea remains
undisturbed (see main text)

to the top of the confined region is used to shift the energy levels of the underlying
quantum dot so that a single electron is brought above the Fermi energy of the
surrounding 2DEG. The electron can then tunnel through the confining potential and
propagate into the rest of the 2DEG, as illustrated in Fig. 2.2a. This setup can produce
single electrons with well-defined energy, but poorly defined release time (due to the
Heisenberg uncertainty relation Et > /2). Such single-electron sources were
used to probe the electronic wave-particle duality in a Hanbury-Brown-Twiss (HBT)
setup [16]. Additionally the fermionic nature of electrons was visualised through
anti-bunching behaviour in a Hong-Ou-Mandel (HOM) setup [17].
This last experiment highlights the importance of the fermionic nature of the
electrons when treating such mesoscopic devices. As this point will be important for
our discussion of theoretical methods for time-resolved transport, we shall look at the
experiment of Ref. [17] a bit more closely. Figure 2.3a shows an annotated electron
microscope image of the experimental setup. A 2DEG (dark grey) is attached to
several electrodes (white boxes), and gates (light grey fingers) constrict the 2DEG
at the location marked “beamsplitter”, which will cause the electronic wavefunction
to be partially reflected. The gates marked “source 1” and “source 2” are cover the
quantum dots, which host electrons that can be excited into the surrounding 2DEG
by raising the gate voltage (i.e. the single-electron sources originally realised in
Ref. [13]). A perpendicular magnetic field is applied to the device, which causes the
electrons to propagate in unidirectional edge channels in the 2DEG1 (shown as paths
with arrows in Fig. 2.3a). The idea of the experiment is to send voltage pulses onto the
1 This

is the quantum Hall effect, which will be briefly discussed in Sect. 4.3.2.
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(b)

Fig. 2.3 Experimental results from Ref. [17], showing how the fluctuations in the electric current
are affected when two identical electron wavepackets are incident on opposite sides of an electronic
beam splitter. When the delay between the arrival of the wavepackets is small, there is a dip in
the current fluctuations due to the Pauli principle. Both subfigures are from Ref. [17] and reprinted
with permission from AAAS. a Annotated electron microscope image of the experimental setup.
Metallic gates (light grey) are capacitively coupled to an embedded 2DEG (dark grey). Ohmic
contacts (white boxes) measure the output current. b Excess noise in the number of transmitted
particles as a function of the delay between the emission of single electrons from source 1 and
source 2

gates “source 1” and “source 2” with a slight delay relative to one another. This will
mean that two electrons will be excited above the Fermi sea, one at source 1 and the
other at source 2, which will begin propagating towards the beamsplitter (along paths
1 and 2 in Fig. 2.3a). As the voltage pulse is sent to source 2 with a delay with respect
to the voltage pulse sent to source 1, the electrons from the two sources will arrive at
the beamsplitter with a corresponding delay. In the case where the electrons arrive at
the beam splitter at the same time they must exit along different paths (3 or 4); if they
exit along the same path they would be in identical states, which is disallowed due to
the Pauli principle. There are two possibilities: both electrons are transmitted, or both
particles are reflected, in either case each of the contacts on the paths 3 and 4 will
receive exactly 1 electron. If the electrons arrive slightly delayed then it is possible
that they both exit the beamsplitter along the same path, as they will not be perfectly
overlapping (and hence not in the same state) in this case. Unfortunately it is not yet
experimentally possible to have one-shot detection of ballistically propagating single
electrons in condensed matter. Instead, experimentalists will typically generate many
single-electron excitations one after the other and then measure the average current,
as well as its noise properties.2 In the HOM setup the Pauli principle should then
manifest itself in a reduction of the current noise when there is no delay between the
arrival of the electrons; this is shown in Fig. 2.3b.
2 The

time delay between the subsequent single-electron excitations should, therefore, be much
greater than the time it takes for an electron to traverse the device.
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Later, another method of producing coherent single-electron excitations was
demonstrated [18, 19]. Here, instead of initially confining electrons in a quantum
dot, a Lorentzian-shaped voltage pulse applied to an electrode coupled to the 2DEG
via an ohmic contact injects a single-electron excitation from the electrode into the
2DEG. Figure 2.2b shows an illustration of this approach, which can be compared to
the quantum dot approach discussed previously. These experiments were motivated
by the seminal work of Levitov [20, 21], who showed that the shape (or equivalently,
the harmonic content) of the voltage pulse is of tantamount importance in the generation of coherent single-electron excitations. Applying an arbitrary voltage pulse will,
in general, perturb the Fermi sea and produce excitations above the Fermi energy
(electron-like excitations) as well as below (hole-like excitations), which will both
propagate into the device. Levitov showed that when a Lorenzian pulse is used only
electron-like excitations above the Fermi energy will propagate into the device.3 Such
a Lorentzian pulse V (t) = V p /[(t − t0 )2 + 1] can excite a single electron, above an
undisturbed Fermi sea, when (e/ h) V (t)dt = 1. Such excitations are referred to
as Levitons. Owing to the continuum of energy states in the electrode (as opposed
to the discrete levels of the quantum dot), the excitation is poorly resolved in energy
but well resolved in time. We should emphasise that this is a completely different
paradigm for generating single-charge excitations than the quantum dot approach of
Ref. [13]. While the approach using quantum dots can be understood as tuning the
levels in the dot to put a single level (and hence single electron) above the surrounding Fermi sea, the Leviton is instead a collective excitation of the Fermi sea itself.
That such a collective excitation consists, in the end, of an unperturbed Fermi sea
with unentangled, purely electron-like excitations on top is far from obvious [21].
After their experimental discovery, Levitons were then used in HBT and HOM
setups [19] analogous to those of Refs. [16, 17]. Figure 2.4a shows an artist’s impression of the HOM experimental setup, and the results of current noise measurements
are shown in Fig. 2.4b. We clearly see that the noise drops to zero when the two Levitons arrive at the beamsplitter with no time delay, which is due to the Pauli principle,
as discussed previously. Even more recent experiments used shot noise measurements
to directly reconstruct the temporal structure of the Leviton wavefunction [22].
This collection of experiments adds yet more techniques to the toolbox of the
emerging field of “electronic quantum optics” [23], where quantum optics experiments are performed with electrons. Such devices could have wider applications in
the field of quantum computing [24–26]. What is clear is that theoretical and numerical techniques are required to explore the inherently time-resolved nature of these
experiments, as well as to propose new ones.

3 The hole-like excitations, required to maintain charge balance, move in the opposite direction and

do not enter the device proper.
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Fig. 2.4 a Artist’s impression of a Hong-Ou-Mandel setup in a 2DEG (dark grey) connected via
ohmic contacts (light grey rectangles) to metallic leads. A voltage Vg is applied to metallic gates
(light grey fingers) to constrict the 2DEG and induce electronic backscattering. Voltage pulses V (t)
are applied to the leads, with a time delay τ between the pulses on the upper/lower contact. b Current
noise measured in a single contact, as a function of the delay τ between the voltage pulses applied
on each of the ohmic contacts. The noise falls to zero when there is no delay between the pulses;
the fermionic nature of the single electron excitations means that each contact receives exactly one
unit of charge each time a pair of electrons are injected. Figures reprinted from Ref. [19] with
permission

2.3 Theoretical Description of Quantum Circuits
2.3.1 A General Model for Quantum Circuits
So now we have a bit of an idea about why it might be interesting to study timeresolved quantum transport. The next question is how can we study such a problem?
The general class of systems that we wish to study in this thesis will consist of a
number of quasi one-dimensional leads (collectively referred to as L) connected to a
central device S. The basic pieces of information that we need to study such a setup
are the Hamiltonian of the leads, Ĥ L , the Hamiltonian of the central device, Ĥ S (t),
and the lead-device coupling, ĤT (t). Even though there may be multiple physically
separate leads, we regroup all the lead degrees of freedom into a single Ĥ L . Given
that we will be treating transport through the device, where the number of charges in
the device is not fixed, it will be easiest to express the Hamiltonian using the language
of second quantisation. The fundamental objects of this language are “creation” and
“annihilation” operators ĉi† and ĉ j that act on the full space of many-particle states. We
aim to write expressions for observable quantities in terms of these operators, rather
than in terms of the many-body wavefunctions. Although this is formally equivalent
to using wavefunctions, the expressions involving the creation/annihilation operators
are considerably more compact. Reference [27] contains a good introduction to this
topic.
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In this thesis we will not be concerned with modelling electron-electron interactions. This means that all the Hamiltonians that we will consider only contain
terms that are bilinear in creation/annihilation operators (these are also referred to
as “quadratic” Hamiltonians). In addition, as we will be wanting to simulate such
systems on a computer, the Hamiltonians will only involve a discrete set of degrees
of freedom (although we will be able to treat infinite sub-systems by exploiting
translational symmetry); these are referred to as tight-binding models. Putting these
ingredients together we can write down the most general form of Hamiltonian that
we wish to treat:



Hi j (t)ĉi† ĉ j +
Hi j (t)ĉi† ĉ j + h.c. +
Hi j ĉi† ĉ j .
(2.2)
Ĥ(t) =
i, j∈S







i∈S, j∈L



Ĥ S (t)


ĤT (t)



i, j∈L







Ĥ L

The ĉi† (ĉ j ) are operators that create (destroy) electrons in a single-particle state
enumerated by the index i ( j), which we refer to as a site. The site index may
label position as well as other degrees of freedom such as spin or orbital angular
momentum, although in specific cases we shall often make an explicit distinction
between spatial and internal degrees of freedom. The Hi j (t) are time-dependent
complex numbers that we collectively refer to as the matrix
H(t) =

H S (t) HT (t)
†
[HT (t)] H L

(2.3)

where the sub-matrices are the device (H S ), lead (H L ), and coupling terms (HT ).
Given that the Hamiltonian is fully characterised by the matrix H(t), which is just
the Hamiltonian in first quantisation, naïvely one may think that we just need to use
the time-dependent Schrödinger equation on some wavepacket initial state and call
it a day. The situation is, however, a little more complicated than this. The complications arise due to two aspects peculiar to open, fermionic systems. Firstly the open
condition means that we treat the electrodes as being infinite in extent (though, for
simplicity, we shall always treat them as being periodic). This has profound consequences on a mathematical level, as the spectrum of the Hamiltonian will now have a
continuous part (that will mostly dominate the transport properties), in addition to a
discrete part. Secondly, there is a filled Fermi sea already present in the system that—
as we saw previously in the Hong-Ou-Mandel experiment—is crucial to obtaining
the correct physics. In a system with time-dependent perturbations electrons may be
excited to different energies, however the Fermi sea prevents certain transitions (to
already filled states) from being possible. It is not immediately obvious how this condition can be satisfied just by solving the single-particle time-dependent Schrödinger
equation. We shall see that it is the presence of the filled Fermi sea that will give
us the correct initial conditions for the problem in terms of the macroscopic (and
directly experimentally controllable) parameters of the system, rather than resorting
to microscopic details in the form of electronic wave packets.
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2.3.2 Non-equilibrium Green’s Function Techniques
Historically the first class of techniques to deal with the these two issues were the nonequilibrium Green’s function (NEGF) techniques. The earliest numerical simulations
of time-resolved transport were based on a seminal article by Caroli et al. [28], which
applied the Keldysh formalism [29] to a strictly one-dimensional (single mode)
model. This technique was applied in Ref. [30] to study resonant tunneling through
a device consisting of a single site. A more general formulation for generic device
geometries was later proposed by Wingreen et al. [31] and Jauho et al. [32], following
their own extension of the stationary non-equilibrium formalism [33], which was
itself based on Ref. [28]. The formalism described in these papers is at the foundation
of the non-equilibrium Green’s function techniques used today.
In the NEGF approach the fundamental objects are correlators (called Green’s
functions) between the electron creation/destruction operators introduced previously.
Although a whole zoo of such correlators exist, two of the most important ones are
the so-called retarded (GiRj (t, t  )) and lesser (Gi<j (t, t  )) Green’s functions:
GiRj (t, t  ) = −i(t − t  ){ĉ†j (t  ), ĉi (t)}

(2.4)

Gi<j (t, t  )

(2.5)

=

iĉ†j (t  )ĉi (t)

where (t − t  ) is the Heaviside function, {·, ·} denotes an anticommutator, the ĉ†j (t)
and ĉi (t) are creation/destruction operators in the Heisenberg picture [27]:
ĉ†j (t) = Û (t) ĉ†j Û † (t)

(2.6)

ĉi (t) = Û (t) ĉi Û (t),

(2.7)

†

with Û (t) the evolution operator satisfying i∂t Û (t) = Ĥ(t)Û (t), and · denotes
a thermal average, i.e.  Â(t) = Tr e−Ĥ(0)/k B T Â(t) , where Â(t) is a Heisenbergpicture operator, and k B and T are the Boltzmann constant and the temperature.4
It turns out that all the one-body observables can be calculated from Gi<j (t, t  ): for
example the electron density on site i is ρi (t) = −iGii< (t, t), and the average current
between sites i and j can be written
Ii j (t) = Hi j (t)G<ji (t, t) − H ji (t)Gi<j (t, t).

(2.8)

Given that we are only interested in evaluating quantities within the device region
or currents flowing between the device and the electrodes, we only need elements of

4 This

expression can be made slightly more general by replacing the operator exponential by a
generic density operator, but the thermal one presented in the main text is the only one we consider
in this thesis.
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GiRj (t, t  ) with both indices in the device region—i, j ∈ S 5 —which we shall denote
G iRj (t, t  ) (similarly G i<j (t, t  ) for the lesser Green’s function). The equations of
motion satisfied by G iRj (t, t  ) (and its relation to G i<j (t, t  )) can be written [27, 34]:

∂ R

S
R

i G (t, t ) = H (t)G (t, t ) + du R (t, u)G R (u, t  ),
∂t
 
†
G< (t, t  ) =
du dv G R (t, u) < (u, v) G R (t  , v) .

(2.9)
(2.10)

where G R (t, t  ) and G< (t, t  ) are matrices with elements G iRj (t, t  ) and G i<j (t, t  )
respectively. The quantities  R (t, t  ) and  < (t, t  ) are the so-called retarded and
lesser self-energies that take into account the effect of the leads, and are defined by
†
 R(<) (t, t  ) = HT (t)g R(<) (t, t  ) HT (t) ,

(2.11)

where g R(<) (t, t  ) is the retarded (lesser) Green’s function for the leads in isolation,
i.e. in the absence of coupling to the device region. Generally the problem to solve,
therefore, takes the form of coupled integro-differential equations for several large,
dense matrices.
There has been a great deal of effort over the years to design efficient strategies
to integrate these equations of motion [35–39], including recursive techniques [40]
and replacing the convolution-type integral with complex absorbing boundary conditions [41]. In addition the issues involved with properly including electron-electron
interactions has been discussed [42–46]. Others have also derived semi-analytical
expressions to calculate restricted parts of the full Green’s function in specific physical situations [47–51]. An alternative but related approach introduced by Cini [52]
does something a little different from the above-defined NEGF, in that one starts at
t = 0 with the exact density matrix for the full problem and follows the system states
as they are driven out of equilibrium. More recent work developed Green’s function
techniques within this framework [53, 54]. All these approaches are, however, fundamentally limited by the fact that the equations of motion involve dense matrices,
whose number of elements scale as O(N 2 ), where N is the number of sites in the
device region.

2.3.3 Wavefunction Techniques
In NEGF the Green’s functions are the fundamental objects of the theory. An alternative consists in dealing directly with the many-body wavefunction of the system by
5 We

can always re-define what we consider “the device” in order to calculate currents flowing into
the leads. The periodicity of the leads ensures that there will be no backscattering within the leads
themselves.
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calculating single-particle wavefunctions. In a non-interacting system the full manybody wavefunction is formed from a simple Slater determinant of single-particle
wavefunctions, so it is at least reasonable that such an approach could be equivalent
to NEGF. Nevertheless it was not clear until relatively recently [55] that there was
a formal equivalence between the two approaches because of the aforementioned
issues of dealing with infinite systems, as well as the Pauli principle. The use of
wavefunction-based methods has recently gained popularity [56–60], with variations on the theme using a “stroboscopic” wavepacket basis [61, 62], or absorbing
boundary conditions [63, 64].
In order to get a feel for how such an approach works in principle, it will be
illustrative to look at a simplified example consisting of a finite system S at zero
temperature. This will show explicitly how the Pauli principle is satisfied due to the
fact that the unitary evolution of the single-particle states guarantees their mutual
orthogonality at all times. We shall start with a similar model to that of Eq. (2.2), but
without leads:

Hi j (t)ĉi† ĉ j .
(2.12)
Ĥ(t) =
i, j∈S

We shall assume that the time-dependence is only switched on for t > 0, so that we
can diagonalise Ĥ(t ≤ 0):
Ĥ(t ≤ 0) =


α

where
d̂α† =



E α d̂α† d̂α

[ϕα ] j ĉ†j

(2.13)

(2.14)

j

and the ϕα are column vectors of complex numbers (with jth element [ϕα ] j ) that
satisfy time-independent Schrödinger equations H(t ≤ 0)ϕα = E α φα . As we are at
zero temperature, the full many-body state at t ≤ 0 is just the state where all singleparticle states below the Fermi energy E F are filled:
|0  =



d̂α† |0,

(2.15)

E α <E F

where |0 is the vacuum state. The antisymmetry of |0  under particle exchange is
guaranteed by the anticommutation relations satisfied by the operators d̂α :
{d̂α , d̂β } = 0 , {d̂α , d̂β† } = δαβ ,

(2.16)

where δαβ is the Kronecker delta. If we now look at times t > 0 the many-body state
will evolve to

(2.17)
d̂α† |0,
|(t) = Û (t)
E α <E F

2.3 Theoretical Description of Quantum Circuits

21

where Û (t) is the evolution operator, which satisfies i∂t Û (t) = Ĥ(t)Û (t). As Û (t) is
unitary, we can sandwich factors of Û † (t)Û (t) between the d̂α† ’s, and use the property
Û (t)|0 = |0 to write

(2.18)
d̂α† (t)|0,
|(t) =
E α <E F

where d̂α† (t) is defined as

d̂α† (t) ≡ Û (t) d̂α† Û † (t).

(2.19)

Clearly the d̂α† (t) satisfy the equal-time anticommutation relations
{d̂α (t), d̂β (t)} = 0 , {d̂α (t), d̂β† (t)} = δαβ ,

(2.20)

which ensures that |(t) is fully antisymmetric under particle exchange at any time
t, and hence satisfies the Pauli principle at all times. We can also choose to write
d̂α† (t) in terms of the original ĉ†j ’s
d̂α† (t) =



[ψα (t)] j ĉ†j ,

(2.21)

j

where ψα (t ≤ 0) = ψα . Applying the operator i∂t to Eqs. (2.19) and (2.21), and
equating the right-hand sides, we get (after some algebra)

∂

ψα (t) ĉ†j =
i
H jk (t) [ψα (t)]k ĉ†j , ψα (t ≤ 0) = ψα .
∂t
j
j
j
k

(2.22)

As the ĉ†j are creation operators for mutually orthogonal single-particle states, we
can equate the coefficients for each term j of the above sum, from which we see
that ψα (t) satisfies a time-dependent Schrödinger equation i∂t ψα (t) = H(t)ψα (t).
This means that in order to calculate the full many-body evolution we actually only
need to solve n Schrödinger equations for all the single-particle states with initial
energy less than the Fermi energy. Expectation values of one-body observables also
take a simple form. For example, the average number of particles on site i, defined as
(t)|ĉi† ĉi |(t) (for the zero-temperature case) can be written (after some algebra)
(t)|ĉi† ĉi |(t) =

 

ψα (t)2 .
i

(2.23)

E α <E F

The expectation value of one-body operators can be written as the sum of the expectation values of the associated operators in first-quantisation, evaluated on the states
with energy less than the Fermi energy. When the temperature is instead finite, the
result is similar, except that the terms in the sum Eq. (2.23) are weighted by the
appropriate (Fermi-Dirac) occupation factor f (E α ).
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If we also allow the system to now contain an infinite number of degrees of freedom
(i.e. we attach leads), the discrete energies E α will form a continuum energy band
and the sum Eq. (2.23) will be replaced by an integral. This last step of reasoning is
not presented in a particularly rigorous way here; a proper derivation for the case of
infinite systems (which also contains the case when the system starts in an out-ofequilibrium steady state) can be found in Ref. [55].
The result (in the absence of true bound states in the system) is that the thermal
average of an observable Â = i j Ai j ĉi† ĉ j at time t can be calculated as
Â(t) =


α

Bα

dE
f α (E)ψαE (t)† A ψαE (t).
2π

(2.24)

The ψαE (t) are time-evolved single-particle states that, at t = 0, were so-called
scattering states of the system. Scattering states extend infinitely far into the leads
of the system, and have the particular characteristic that their wavefunction in all of
the leads is propagating away from the central region, except in a single lead where
there is an incoming component (characterised by a “mode index“ α). A more precise
definition of scattering states is given in Chap. 3, as well as details of how to calculate
them for the initial system.

The energy
 integral runs over the energy band Bα of the mode α: Bα = inf E α (k),
sup E α (k) where E α (k) is the dispersion relation of mode α and k runs over the
Brillouin zone. f α (E) is the Fermi-Dirac function associated with the lead to which
the mode α belongs (different leads may have different temperatures and/or Fermi
energies). We can also write the retarded and lesser Green’s functions in terms of the
wavefunctions [55]:
  dE
†
R


(t  )
(2.25)
G i j (t, t ) = −i(t − t )
[ψαE (t)]i ψαE
j
2π
Bα
α
  dE
†
f α (E) [ψαE (t)]i ψαE
G i<j (t, t  ) = i
(t  ) ,
(2.26)
j
2π
B
α
α
which forms the link between the wavefunction and Green’s function based
approaches.
In the next chapter we will build on the specific wavefunction method introduced
in Ref. [55]. We choose to develop an entirely wavefunction based approach due to
the superior scaling properties with respect to the system size and simulation time
compared to direct Green’s function approaches. This essentially comes down to the
fact that the single-particle wavefunctions are vectors with N elements, as opposed
to the dense matrices (N 2 elements) of the Green’s function approach. This better
scaling is crucial for the applications targeted in this thesis, where we study systems
with a relatively large number of degrees of freedom (up to 104 or 105 ) in the central
device region. In addition, the key role played by resonant reflection in the majority
of the applications means that the dwell-time for charges in the system is also large,
which necessitates long simulation times. This combination of large system size and

2.3 Theoretical Description of Quantum Circuits

23

long simulation time means that direct Green’s function techniques are unsuitable. It
should be noted that for other applications, such as molecular electronics, the scaling
properties of the method may not be so important and a direct Green’s function
technique may be a better choice.
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