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Abstract. The genomic scaﬀold ﬁlling problem has attracted a lot of
attention since 2010. The general problem is on ﬁlling an incomplete
sequence (sequence scaﬀold) I into I  , with respect to a complete reference genome G, such that the number of adjacencies between G and I  is
maximized. The problem is NP-complete and APX-hard, and admits a
1.2-approximation. In this survey paper, we will ﬁrst review the progress
being made for this setting.
However, the sequence input I is not quite practical and does not ﬁt
most of the real datasets (where a scaﬀold is more often given as a list
of contigs). Then, we will review the most recent progress on this new
version of the genomic scaﬀold ﬁlling problem where, (1) a scaﬀold S is
given, the missing genes X = c(G)−c(S) can only be inserted in between
the contigs, and the objective is to maximize the number of adjacencies
between G and the ﬁlled S  , and (2) a scaﬀold S is given, a subset of the
missing genes X  ⊂ X = c(G) − c(S) can only be inserted in between
the contigs, and the objective is still to maximize the number of adjacencies between G and the ﬁlled S  . Some open problems will be posed
for further research.

1

Introduction

Since 2001, the cost of sequencing a genome has been reduced signiﬁcantly,
with the current cost being around $1 k. This results in a lot of genomes
being sequenced, usually not completely ﬁnished (they are typically called draft
genomes). On the other hand, the cost to ﬁnish these genomes completely has
not been decreased as much [6]. The result is that we are having more and more
draft genomes. Nonetheless, for many tools analyzing the genomic data we do
need complete genomes. For instance, to compute the reversal distance between
two genomes we do need two complete genomes. Hence, there is a need to turn
a draft genome into a complete one.
To make the result biologically interesting, Munoz et al. ﬁrst proposed the
following scaﬀold ﬁlling problem (on multichromosomal genomes with no gene
repetition) as follows [24]. Given a complete (permutation) genome R and an
incomplete scaﬀold S, ﬁll the missing genes in R − S into S to have S  such
that the genomic distance (or DCJ distance [26]) between R and S  is minimized. It was shown that this problem can be solved in polynomial time. In [16],
Jiang et al. considered the case for singleton genomes without gene repetition
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(i.e., permutations), using the simplest breakpoint distance as the similarity measure. It was not surprising that this problem was shown to be polynomially solvable; in fact, even for the two-sided case when both the input scaﬀolds, being a
reference to each other, are incomplete permutations.
When the genomes and scaﬀolds contain gene repetitions, the problem
becomes harder. (That should not be considered as a surprise as even computing certain similarity measure between two complete genomes is NP-complete,
for instance, with the exemplar breakpoint distance [2,4,7,9,19], exemplar adjacency number [8,10], or the minimum common string partition [11].) The similarity measure adopted for the scaﬀold ﬁlling problem is the number of common
(string) adjacencies, which can be computed in polynomial time [2,15,16]. In
[15,16], it was shown by Jiang et al. that ﬁlling a scaﬀold to maximize the
number of common string adjacencies (SF-MNSA) is NP-hard. (Formally, the
problem is to ﬁll an incomplete sequence scaﬀold I into I  , with respect to a complete reference genome G, such that the missing letters in G−I are inserted back
to I and the number of common adjacencies between G and I  is maximized.)
A factor-1.33 approximation was designed in [15,16], and this bound has been
improved to 1.25 [21], and to 1.20 [17]. For the corresponding two-sided case, i.e.,
when two sequence scaﬀolds are references to each other, the problem admits a
factor-1.5 approximation with the number of common adjacencies between the
ﬁlled scaﬀolds being maximized [22]. Using the number of common adjacencies
as a parameter, it was shown that this problem is also ﬁxed-parameter tractable
(FPT) — this only handles that case when G and I  are not very similar so it is
only of a theoretical meaning [5].
Recently, a practical factor is seriously considered [18]. Firstly, the ‘scaﬀold’
used in most of these papers is an incomplete sequence, i.e., a missing gene can
be inserted anywhere in such a ‘scaﬀold’. In practice, most of the real datasets
are not in this format; in fact, a scaﬀold in a real dataset is usually composed of
a sequence of contigs, where a contig is usually computed with mature tools like
Celera Assembler [1], hence should not be arbitrarily altered. This case was only
brieﬂy considered a few years ago [16,24]. Secondly, take a complete reference
genome G and a scaﬀold S, there is no guarantee that the ﬁlled scaﬀold S  is
of the same length as that of G; in fact, sometimes we could know roughly the
length of the target genome S ∗ (S  should be as close to S ∗ as possible). Then,
we might only need to insert a subset of letters in G − S into S (to obtain S  ).
Formally, the above two problems are called One-sided Scaﬀold Filling (Onesided-SF-max), and One-sided Subset Scaﬀold Filling (One-sided-SF-max(⊂))
respectively. (For the important practical case when a gene can only appear at
most d times in G, we call the corresponding problems One-sided-SF-max(d)
and One-sided-SF-max(⊂, d) respectively.) The objective function in both cases
are to maximize the number of common adjacencies between the reference and
the ﬁlled scaﬀold.
The paper is organized as follows. In Sect. 2, we give the preliminaries. In
Sect. 3, we review the results in three categories: when genomes have no gene
duplications, approximation results for the one-sided cases, and FPT results for
the one-sided cases. We conclude the paper in Sect. 4 by giving directions for
further research.
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Preliminaries

Throughout this paper we focus only on singleton genomes (i.e., each is a
sequence). But the results can be easily generalized to multichromosomal or
circular genomes, with minor changes.
At ﬁrst, we review some necessary deﬁnitions, which are also deﬁned in [16,
27]. We assume that all genes and genomes are unsigned, and it is straightforward
to generalize the result to signed genomes. Given a gene set Σ, a string P is
called permutation if each element in Σ appears exactly once in P . We use c(P)
to denote the set of elements in permutation P . A string A is called sequence if
some genes appear more than once in A, and c(A) denotes genes of A, which is
a multi-set of elements in Σ. For example, Σ = {a, b, c, d }, A = abcdacd, c(A)
= {a, a, b, c, c, d, d }. A sequence scaﬀold is an incomplete sequence, typically
obtained by some sequencing and assembling process. A substring with m genes
(in a sequence) is called an m-substring, and a 2-substring is also called a pair ;
as the genes are unsigned, the relative order of the two genes of a pair does not
matter, i.e., the pair xy is equal to the pair yx. Given an incomplete sequence
(or sequence scaﬀold) A = a1 a2 a3 · · · an , let PA = {a1 a2 , a2 a3 , . . . , an−1 an } be
the set of pairs in A.
Deﬁnition 1. Given two sequence scaﬀolds A = a1 a2 · · · an and B = b1 b2 · · · bm ,
if ai ai+1 = bj bj+1 (or ai ai+1 = bj+1 bj ), where ai ai+1 ∈ PA and bj bj+1 ∈ PB , we
say that ai ai+1 and bj bj+1 are matched to each other. In a maximum matching of
pairs in PA and PB , a matched pair is called an adjacency, and an unmatched
pair is called a breakpoint in A and B respectively.
It follows from the deﬁnition that sequence scaﬀolds A and B contain the
same set of adjacencies but distinct breakpoints. The maximum matched pairs in
B (or equally, in A) form the (common) adjacency set between A and B, denoted
as a(A, B). We use bA (A, B) and bB (A, B) to denote the set of breakpoints in
A and B respectively. We illustrate the above deﬁnitions in Fig. 1.
For a sequence A and a multi-set of elements X, let A + X be the set of
all possible resulting sequences after ﬁlling all the elements in X into A. We
deﬁne a contig as a string over a gene set Σ whose contents should not be
altered. A scaﬀold S is simply a sequence of contigs C1 , ..., Cm . We deﬁne
c(S) = c(C1 ) ∪ · · · ∪ c(Cm ). Now, we deﬁne the problems on scaﬀolds formally.
Given two incomplete sequences (or sequence scaﬀolds) A = a1 a2 · · · an and
B = b1 b2 · · · bm , as we can see, each gene except the four ending ones is involved
in two adjacencies or two breakpoints or one adjacency and one breakpoint. To
get rid of this imbalance, we add “#” to both ends of A and B.
Deﬁnition 2. Scaﬀold Filling to Maximize the Number of (String) Adjacencies
(SF-MNSA).
Input: two sequence scaﬀolds A and B over a gene set Σ and two multi-sets of
elements X and Y , where X = c(B) − c(A) and Y = c(A) − c(B).
Question: Find A∗ ∈ A + X and B ∗ ∈ B + Y such that |a(A∗ , B ∗ )| is
maximized.
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sequence scaf f old A = c b c e d a b a 
sequence scaf f old B = a b a b d c
PA = {cb, bc, ce, ed, da, ab, ba}
PB = {ab, ba, ab, bd, dc}
matched pairs : (ab ↔ ba), (ba ↔ ab)
a(A, B) = {ab, ba}
bA (A, B) = {cb, bc, ce, ed, da}
bB (A, B) = {ab, bd, dc}

Fig. 1. An example for adjacency and breakpoint deﬁnitions.

The one-sided SF-MNSA problem is a special instance of the SF-MNSA
problem where one of X and Y is empty. We formally deﬁne it as follows.
Deﬁnition 3. One-sided SF-MNSA.
Input: a complete sequence G and an incomplete sequence scaﬀold I over a gene
set Σ, a multi-set X = c(G) − c(I) = ∅ with c(I) − c(G) = ∅.
Question: Find I ∗ ∈ I + X such that |a(I ∗ , G)| is maximized.
Note that while the two-sided SF-MNSA problem is more general and more
diﬃcult, the One-Sided SF-MNSA problem is more practical as a lot of genome
analysis are based on some reference genome [24]. We next consider the usual
scaﬀolds composed of sequences of contigs.
Deﬁnition 4. One-Sided-SF-max.
Input: a complete genome G and a scaﬀold S = C1 , C2 , ..., Cm  where G and
the contig Ci ’s are over a gene set Σ, a multiset X = c(G) − c(S) = ∅.
Question: Find S ∗ ∈ S + X such that |a(S ∗ , G)| is maximized.
One-Sided-SF-max(⊂) is exactly the same as One-Sided-SF-max except that
only a subset X  ⊂ X need to be inserted into S. When a gene can appear at
most d times in G, the two versions of problems are abbreviated as One-SidedSF-max(d) and One-Sided-SF-max(⊂, d) respectively.

3

Current Status

We review the current status for the research on the genomic scaﬀold ﬁlling
problems.
3.1

Results on Filling Permutation Scaﬀolds

When the genomes contain no duplicated genes, the genomic scaﬀold ﬁlling problems are all known to be polynomially solvable. For the one-sided case, when the
distance measure is DCJ (double-cut-and-join) and the scaﬀolds are composed of
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contigs, Munoz et al. used the breakpoint graph to obtain a polynomial-time solution (in fact, a linear-time solution after the breakpoint graph is constructed).
Later, the result was generalized to the two-sided case by Jiang et al. [16]. When
the distance measure is the breakpoint distance, and when the scaﬀolds are
incomplete permutations (meaning missing genes can be inserted anywhere),
Jiang et al. showed that both of the one-sided and two-sided problems can be
solved in O(n2 ) time, where n is the total number of genes in the input [16].
Recently, Liu et al. [23] studied the one-sided scaﬀold ﬁlling problem when
the scaﬀold S is given as a set of contigs, i.e., S = C1 , C2 , · · · , Cm . Let the
complete reference genome (permutation) be R and let X = c(R) − c(S). Let
α(Ci ), β(Ci ) be the ﬁrst and last letter of Ci respectively. Then βi , αi+1  (or
simply βi αi+1 ) constitutes a slot where missing genes can inserted between βi
and αi+1 . We write β0 = −∞ and αm+1 = +∞, where −∞, α1  and αm , +∞
are the leftmost and rightmost (open) slot respectively.
Deﬁne a type-1 (resp. type-2) substring s of length  ≥ 1, over X, as one
which can be inserted in the slot βi , αi+1 , for some i, to increase the total
number of adjacencies by  + 1 (resp. ).
Note that if βi αi+1 is already an adjacency with respect to R, then in general
it is possible that s is inserted in the slot to generate |s| + 1 adjacencies (while
destroying the adjacency βi αi+1 ). However, when the genome contains no gene
duplication it can be shown that there exists an optimal solution which always
preserves such an existing adjacency βi αi+1 .
Similarly, deﬁne a type-3 substring s of length  ≥ 1, over X, as one which
can be inserted in the slot βi , αi+1 , for some i, to increase the number of
adjacencies by  − 1. Note that a type-3 substring can only form adjacencies
internally, hence it does not matter where we insert s — provided that it does
not destroy any existing adjacency.
Clearly, due to that there is no gene duplication in R, a type-i substring with
length  must be a substring (or the reversal of a substring) of R. (This property
does not hold when there are gene duplications.) We show an example as follows:
R = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15,
S =  1,3 , 5,6 , 15,2 , 14,13,10,9 .
We have α1 = 1, β1 = 3, α2 = 5, β2 = 6, α3 = 15, β3 = 2, α4 = 14, β4 = 9. Then,
X = {4, 7, 8, 11, 12} are missing from S. The optimal solution is
S ∗ =  1,3 , 4, 5,6 , 7, 8, 15,2 , 11, 12, 14,13,10,9 .
In this case, 4 is type-1, 7, 8 is type-2, and 11, 12 is type-3.
Then, Liu et al. [23] tried to ﬁrst identify type-i substrings, and then ﬁll them
in the other of i = 1, 2, 3. The running time is dominated by the computation
of a maximum matching in a bipartite graph, which takes O(n2.5 ) time. We
summarize the results in following Table 1.
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Table 1. Results on scaﬀold ﬁlling when the genomes contain no gene duplications. In
the ﬁrst column, ‘contigs’ means a scaﬀold is composed of a list of contigs, ‘permutation’
means a scaﬀold is an incomplete permutation.
Problem

Distance/Similarity measure

One-sided, singleton, contigs

breakpoint/adjacency number P [23]

One-sided, multichromosome, contigs DCJ
two-sided, singleton, permutation

P [24]

breakpoint/adjacency number P [16]

two-sided, multichromosome, contigs DCJ

3.2

Status

P [16]

Results on One-Sided Scaﬀold Filling

When the genomes contain duplicated genes, the genomic scaﬀold ﬁlling problems become NP-hard. The past eﬀort has been mainly focused on the one-sided
case. (We comment that the two-sided SF-MNSA can be approximated with
a factor 1.5 [22].) So we will focus on One-sided SF-MNSA and One-sided-SFmax, representing that the scaﬀold is an incomplete sequence and a list of contigs
respectively.
For One-sided SF-MNSA, Jiang et al. ﬁrst showed that it is NP-hard by a
reduction from Exact Cover by 3-Sets (X3C) [15,16]. Subsequently, a factor1.33 approximation was given [15,16]. The main idea is that when a scaﬀold is a
sequence (meaning missing genes can be inserted anywhere), there is no type-3
substrings. Then, the idea is to maximize the inserted type-1 substrings of length
one and two, using a greedy method. Finally, for the remaining genes, it can be
done so that each inserted one contributes at least one adjacency. (This last step
is in fact not trivial, the details were ﬁlled later [21,27].)
In [21], the approximation factor was improved to 1.25. The idea was to
insert i-type-1, i = 1, 2, 3, substrings using a mixture of greedy search, maximum
matching and local search. Then, for the remaining genes, it can be done so that
each inserted one contributes at least one adjacency. Recently, the approximation
factor for One-sided SF-MNSA was improved to 1.2 and the problem was shown
to be APX-hard [17]. The method was based on non-oblivious local search [20].
(As of this writing, it seems there was a small bug in the proof and a paper was
devoted in this proceeding to ﬁx that.)
While the research on the One-sided SF-MNSA has been fruitful, it does not
help much on solving the practical problem. The main reason is that a scaﬀold in
reality is usually computed with mature tools, like Celera Assembler [1]. Hence,
in real datasets a scaﬀold is usually given as a list of contigs, each should not be
altered arbitrarily. Recently, research on this version, formally called One-sidedSF-max, has been started.
In [18], a simple reduction from Hamiltonian Path to One-sided-SF-max was
constructed. Thus, the problem is NP-hard. Then, a factor-2 approximation was
presented using greedy search on type-1 substrings of length one and two, also
on type-2 substrings of length one. Finally, a maximum matching method was
used to make sure that for each pair useful genes, at least one adjacency can be
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Table 2. Approximation results on One-sided SF-MNSA, Two-sided SF-MNSA, and
One-sided-SF-max.
Problem

Similarity measure Approximation ratio

One-sided SF-MNSA adjacency number 1.33 [15, 16]
One-sided SF-MNSA adjacency number 1.25 [21]
One-sided SF-MNSA adjacency number 1.20 [17]
Two-sided SF-MNSA adjacency number 1.50 [22]
One-sided-SF-max

adjacency number 2.00 [18]

computed. (Formally, a gene is useful if it can contribute some adjacency in an
optimal solution.)
We summarize the approximation results for One-sided SF-MNSA, Twosided SF-MNSA, and One-sided-SF-max in following Table 2.
3.3

Parameterized Results on Scaﬀold Filling

In this subsection, we brieﬂy review the FPT results on scaﬀold ﬁlling. (Readers
are referred to [12,13,25] for standard FPT concepts and deﬁnitions.) In fact,
as scaﬀold ﬁlling is a maximization problem, any FPT algorithm parameterized
on the solution size is only of theoretical meaning.
In [5], Bulteau et al. showed that SF-MNSA is FPT, and the running times
are O∗ (2O(k) ) for the one-sided case and O∗ (2O(k log k) ) for the two-sided case
respectively. The technique is based on color-coding [3] and subset enumeration.
In [18], it was shown that One-sided-SF-max(d) is FPT and the running time
is O∗ ((2d)O(k) ) and when d is unbounded whether it is FPT is still open. On
the other hand, it was shown that One-sided-SF-max(⊂), parameterized by the
number of genes inserted, is W[1]-hard. The reduction is from the Partial Vertex
Cover (PVC) problem (via the standard FPT-reduction from Independent Set
to PVC) [14]. Again, we list the corresponding results in following Table 3.

4

Future Research Directions

In this paper, we have thoroughly reviewed the current research on scaﬀold ﬁlling
problems. While many theoretically interesting results have been obtained, a lot
Table 3. FPT results/status on SF-MNSA, One-sided-SF-max and One-sided-SFmax(⊂).
Problem

Parameter k

FPT status

SF-MNSA

adjacency number

FPT [5]

One-sided-SF-max

adjacency number

open [18]

One-sided-SF-max(⊂) number of genes inserted W[1]-hard [18]
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still need to be done to make practical impact on the problem. We list some of
these problems as follows.
1. For One-sided-SF-max, is it possible to design an approximation algorithm
with a factor less 2? less than 1.5?
2. For One-sided-SF-max, is it possible to design an FPT algorithm parameterized by the solution size? As a positive answer will not solve the practical
problem, how about using the number of breakpoints as a parameter? Is the
problem FPT then?
3. For One-sided-SF-max(⊂), is it possible to design an FPT approximation
with a factor less than 2?
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