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Abstract Adipose tissue is the main organ for long term storage of energy in the
body. Adipose cells store excess energy by enlarging and/or increasing in number,
while they provide energy by releasing fat and shrinking as needed. The regulation
of energy storage capacity is not a simple problem considering the uncertainty of
following food intakes and physical activities. In this Chapter, we introduce the
inference of adipose tissue dynamics from adipose cell-size distributions using
mathematical modeling and Bayesian inference. We examine recruitment of new
adipose cells, growth/shrinkage and death of existing cells under positive/negative
energy balance. A comprehensive understanding of adipose tissue dynamics can
provide new insights into metabolic disorders such as obesity and diabetes.

1 Adipose Cells
Lipid and glucose are two primary fuels in our body. In particular, lipids are an
efficient form for storing energy because of their high calorie density, but they are
cytotoxic. Adipose cells store lipids as neutral triglycerides, and protect non-adipose
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cells from lipotoxicity [1]. Functional failures of adipose cells result in surplus of
circulating lipids, cytotoxic lipid accumulation in liver, muscle, pancreas, kidney,
and heart. Finally, the spillover of lipid to non-adipose tissues leads to metabolic
disorders such as nonalcoholic fatty liver disease, diabetes, kidney and heart failures.
Obesity and lipodystrophy represent two opposite extremes of the pathologies that
result from an inability to modulate lipid storage. In addition, aging is a physiological
degenerative process that limits efficient lipid storage in adipose tissues [2].
Adipose tissues increase their volume by enlarging cell size (hypertrophy) and/
or increasing cell number (hyperplasia). Considering that most eukaryotic animal
cells have fixed diameters of a few microns, adipose cells have unique volume
flexibility. The largest adipose cells (200 lm diameter) are ten times larger than
the smallest ones. Note that this diameter difference corresponds to a thousandfold volume difference. The biochemical processes of lipogenesis and lipolysis
underlie the enlargement and shrinkage of adipose cells. Lipogenesis provides free
fatty acids, required for triglyceride synthesis, from metabolized products of
sugars (e.g., glucose), while lipolysis breaks down triglycerides into free fatty
acids. The hormone insulin, a critical hormone for glucose metabolism, is a key
regulator of the two processes. Secreted when glucose increases, it suppresses
lipolysis and stimulates lipogenesis. Therefore, when glucose availability is high in
blood, lipid is not produced, but stored in adipose tissues. On the other hand, under
fasting conditions when glucose availability is low, lipid is released and contributes to the generation of glucose via gluconeogenesis. Therefore, insulin plays a
crucial role for switching lipogenesis and lipolysis, and thereby insulin resistance
affects lipid metabolism.
The plasticity of adipose cell number in adults is not clear, partly because it is
technically difficult to accurately measure total adipose cell number. Many reports,
including a recent one [3], concluded that the total adipose cell number does not
change after early developmental periods. However, adipose cell number can still
increase in adults under stimulating conditions such as lipectomy (partial excision
of adipose tissues) and high-fat diet [4, 5]. In the diet-induced volume expansion of
adipose tissues [5], Faust et al. demonstrated that when adipose cells exceed a
certain critical size, they stimulate the recruitment of new cells, suggesting that
hypertrophy is a default option for small demands on increasing the lipid storage
capacity, while hyperplasia is a backup one for extreme demands as adipose cells
cannot grow indefinitely. Here hyperplasia is irreversible, while hypertrophy is
reversible. Once hyperplasia occurs, due to obesity, the new adipose cells remain
even after losing weight. The irreversibility of hyperplasia may explain the
‘‘yoyo’’ effect of easily regaining lost weight.
Adipose tissue growth via hypertrophy has the advantage of reversibility, but
the disadvantage of limited expansion capacity. Considering that lipid uptake/
release occurs through the cell surface, larger cells are less efficient at transferring
lipids through the cell surface due to their decreased surface-to-volume ratio. In
addition, it has been reported that large adipose cells are involved with hypoxia
[6], inflammation [7], cell death (necrosis/apoptosis)[8], and physical fragility [9].
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Therefore, whenever adipose tissues meet the expansion demands, they have to
make a decision whether to enlarge existing resources or to recruit new resources
that have flexible expansion potential, but cannot be removed without possibly
inflammatory processes such as necrosis and apoptosis once they have appeared.
There may not be a universal strategy since different fat depots have different
cellularity; epididymal fat depot rely on hypertrophy, while subcutaneous fat
depots rely on both hypertrophy and hyperplasia [4]. People in developed countries
rarely experience uncertainties in future food intake, but animal models can be
used to probe the regulatory response of adipose tissue to ensure energy homeostasis under changes in food availability.
Unfortunately, currently available experimental techniques are not capable of
direct measurements of the complicated dynamic processes of adipose tissues. In
this Chapter, we introduce a Bayesian method that infers the dynamic processes
from changes of static snapshots of adipose cell-size distributions. The mathematical modeling explains detailed physical processes of adipose tissue expansion/
shrinkage, and suggests microscopic origins of metabolic disorders in obesity and
diabetes.

2 Bimodal Size Distribution
The size of adipose cells is usually observed by microscopes with the histological
preparation of adipose tissue sections. This conventional method has the wellknown limitations of small sample number and uncertainties in diameter measurements as the locations of the centers of the cut cells relative to the tissue section
are unknown. To address the latter issue, isolated suspension of adipose cells has
been used for microscopic observations [10]. Another popular and powerful method
is the automatic counting and sizing of adipose cells fixed by osmium tetroxide
[11]. The Coulter multi-sizer determines sizes of such fixed cells by measuring
conductivity changes due to the obstruction produced by cells going through an
aperture. This allows fast unbiased measurement of large numbers of fixed adipose
cells. The precise histograms of adipose cell sizes measured by the multi-sizer
always give bimodal size distributions of adipose cells (Fig. 1), while the conventional microscopic measure frequently produces unimodal size distributions that
ignore the left peak of small cells in the bimodal size distribution. The lower peak,
measured by the multi-sizer, has been criticized on the grounds that it may have
originated from particles broken from fixed adipose cells. However, computerized
measurements with higher microscopic resolution have also observed the bimodal
size distribution in the isolated suspension of adipose cells [10]. Therefore, the
lower peak seems to be real, although the multi-sizer observation may somewhat
exaggerate it.
As suggested in McLaughlin et al. [12], the bimodal distribution can be
approximately fitted with two exponentials and one Gaussian function. Therefore,
it is tempting to interpret the origin of the bimodality as two cell populations of
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Fig. 1 Bimodal size distribution of adipose cells. Adipose cells from epididymal fat depots in
C56BL/6 mice (male and 3 months old) were isolated, and relative frequencies of their diameters
were measured by a Coulter multi-sizer. Mean  SD (n = 6)

preadipocytes and mature adipose cells. The exponential part consisting of small
cells may represent new cells recruited from progenitor cells, while the Gaussian
part may represent larger mature cells that have grown from the small ones. A
hypothetical dynamic model for the bimodal distribution will be discussed later. On
the other hand, Soula et al. [13] have recently proposed that the origin of the
bimodality is a singularity in the size-dependent growth rate of adipose cells. The
cell growth rate results from the balance between lipogenesis and lipolysis, both of
which depend on adipose cell size. The size-dependent growth rate has an unstable
singular size at the nadir size of the bimodal distribution. Therefore, cells below this
critical size shrink to smaller sizes while those above it can grow to larger sizes.
Another perspective from the viewpoint of stochastic modeling of adipogenesis in
cell culture can be found in [14, 15], taking into account the accumulation and
formation of lipid droplets within adipocytes.

3 Bayesian Inference
As discussed above, the adipose tissue dynamics is intricate and requires further
investigation. However, current experimental techniques are not capable of
monitoring such changes in real time. Nevertheless, precise measurements of
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adipose cell-size distributions at discrete time points can be used to theoretically
examine the dynamic processes (e.g., cell recruitment, growth/shrinkage, and
death) in adipose tissues, because cell-size distributions reflect what adipose cells
experience during their life span. We introduce a Bayesian method to deduce
longitudinal information from changes of the cross-sectional information of
adipose cell-size distributions measured at different times. Bayesian inference has
been applied to understand not only the adipose tissue dynamics [16, 17], but also
pancreatic islet development [18].
Given the mean and uncertainty of measured frequencies, mi and dmi at the ith
bin, the maximum entropy principle [19] gives the likelihood of predicted
frequencies ni ðxÞ of a model M associated with a set of parameters x as
2 
 
Y
mi  ni ðxÞ
PðDjx; MÞ /
exp 
¼ exp½EðxÞ;
ð1Þ
2dm2i
i
where the mismatch between the measurement and prediction is quantified as a
cost,


X mi  ni ðxÞ 2
EðxÞ ¼
:
ð2Þ
2dm2i
i
In this chapter, the model M will be a dynamic model that predicts the evolution
of adipose cell-size distributions mi : The set of parameters x represents physical
processes such as recruitment, growth, death rates, and their size dependences.
Bayes’ rule (or product rule in probability theory) gives the posterior probability distribution of the parameter set x; given data D and model M [20]:
PðxjD; MÞ ¼ PðxjMÞ

PðDjx; MÞ
PðxjMÞ exp½EðxÞ
¼R
;
PðDjMÞ
dx PðxjMÞ exp½EðxÞ

ð3Þ

where PðxjMÞ is the prior distribution of x, usually set as constant with the
assumption of complete ignorance. Using the probability PðxjD; MÞ, it is
straightforward to compute the mean and uncertainty of parameter x:
Z
x ¼ dx xPðxjD; MÞ;
ð4Þ
2

dx ¼

Z

dx x2 PðxjD; MÞ  x2 :

ð5Þ

Monte Carlo (MC) methods are usually used to compute these, because the
update in MC is determined by the probability PðxjD; MÞ.
Generally we can propose several hypothetical models to explain the given
data. Bayesian model comparison is particularly appropriate in such a context
because Bayes’ rule balances model complexity and goodness of fit. An overly
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complex model is less likely to give robust predictions, especially since most
biological datasets are much smaller than the complexity of the underlying
processes would require for a complete fit. Model selection can be done using the
Bayes factor comparing two models, M1 and M2 :
R
dx1 PðDjx1 ; M1 ÞPðx1 jM1 Þ
PðDjM1 Þ
¼R
:
ð6Þ
PðDjM2 Þ
dx2 PðDjx2 ; M2 ÞPðx2 jM2 Þ
The Bayes factor can be easily computed if we introduce a temperature
parameter. We define a partition function in analogy with statistical physics
(generating function in probability theory):
Z
ZðbÞ ¼ dx PðxjMÞ exp½bEðxÞ;
ð7Þ
where b represents the inverse temperature. Small values of b correspond to high
temperature, while large b corresponds to low temperature. As in statistical
physics, the parameter sets x that contribute significantly to Z at high temperature
are determined more by the volume of the parameter space and less by the
goodness of fit embodied in E: At low temperature, only configurations that fit the
data very well contribute to Z: Using the partition function, we can show that
R
dx EðxÞPðxjMÞ exp½bEðxÞ 
o
 ln Z ¼ R
¼ Eb ;
ð8Þ
ob
dx PðxjMÞ exp½bEðxÞ
relating the average cost at a given b with the logarithmic derivative of the partition function. Therefore, by integrating this relation the partition function can be
obtained by computing the cost at different temperatures:
Z
b:
 ln Z ¼ dbE
ð9Þ
Thus,P
the model likelihood normalized by a summed probability for all models,
PðDÞ ¼ i PðDjMi Þ, corresponds to the partition function for b ¼ 1:
Z 1


PðDjMÞ
b :
¼ Zð1Þ ¼ exp 
dbE
ð10Þ
PðDÞ
0
This is practically very useful when we use MC methods. Such parallel tempering
MC methods are powerful tools for exploring the cost (or energy) landscape because
high temperature is suited to searching the global landscape, while low temperature
is good for searching fine landscape. Therefore, parallel tempering MC methods
can take both advantages to find a global minimum. In addition, the parallel tempering MC using multiple temperatures allows to automatically compute the average
 b at different temperatures, and finally the temperature integration in Eq. (10)
costs E
[21]. In summary, Bayesian inference can estimate likelihood values of parameters
of models given data, and quantitatively compare different models.
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Fig. 2 Evolution of adipose cell-size distribution under positive and negative energy
balance. C56BL/6 mich were fed with a high-fat diet for 7 weeks, then with a regular diet for
following 12 weeks. Cell-size distributions in epididymal fat depots were measured at initial time
(3 months old; black), after 7-week high-fat diet (red), and after 7-week high-fat diet plus
12-week regular diets (blue). Mean  SD (n = 6). Note that we estimated absolute frequencies of
cell sizes from their relative frequencies by using the measured depot mass of epididymal fat

4 Adipose Tissue Dynamics
The Bayesian method can infer adipose tissue dynamics from changes of static
snapshots of adipose cell-size distributions under positive and negative energy
balance (Fig. 2). Possible physical processes in adipose tissue dynamics are
recruitment of new cells, growth, shrinkage, size fluctuation, and death of existing
cells. They can be mathematically summarized in a model described by the following partial differential equation:
on
o
o2 n
¼ bdðs  s0 Þ  ½vðsÞn þ D 2  kðsÞn:
ot
os
os

ð11Þ

The equation describes the whole life of adipose cells from birth to death. Here,
model parameters represent birth rate b at minimal cell size s0 , size-dependent
growth/shrinkage rate vðsÞ, size fluctuation rate D, and size-dependent death rate
kðsÞ. Note that we replaced the frequencies ni at discrete ith size bins with a
frequency function nðsÞ for continuous size s as a continuum limit. Hereafter we
examine each process inferred from changes of adipose cell-size distribution under
positive and negative energy balance.
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4.1 Recruitment of New Adipose Cells
An old hypothesis is that the total number of adipose cells does not increase after a
critical developmental period. Although this is partly true for some fat depots such
as epididymal fat [4], the hypothesis has been revised due to experimental evidence that new adipose cells can be recruited in adults not only under stimulating
conditions such as lipectomy [4] and high-fat diet [5], but also under normal
conditions [3]. Spalding et al. [3] have reported that human adipose cells turn over
with a period of 10 years, although total cell number is fixed. However, the
sources of new adipose cells are still controversial. Pre-existing preadipocytes and
stem cells in adipose tissues are potential candidates [22], because mature adipose
cells are known to be post-mitotic cells incapable of proliferation [23]. Under
weight gain conditions, we have confirmed that small adipose cells (\25 l m
diameter) are recruited based on the evolution of adipose cell-size distribution
under high-fat diet [16]. Furthermore, the recruitment rate strongly depends on
genetics as well as diet.

4.2 Size-Dependent Growth/Shrinkage
The growth and shrinkage of adipose cells are basically governed by the biochemical processes of lipogenesis and lipolysis, respectively. Therefore, the
growth/shrinkage rate depending on adipose cell size s can be described by two
terms:
vðsÞ ¼ vþ ðsÞ  v ðsÞ:

ð12Þ

As a simple size dependency, we may assume that both lipogenesis and
lipolysis in adipose cells are biochemical processes limited by cell-surface area, if
adipose cells are sufficiently mature (i.e., larger than a certain critical size). Note
that the critical cell size for the two processes may not be the same in general. This
assumption suggests a simple size-dependent growth/shrinkage rate of adipose
cells:






vm
s  sþ
vm
s  s
vðsÞ ¼ þ 1 þ tanh
  1 þ tanh
ð13Þ
2
gþ
2
g
where vm
 represents the maximal lipogenesis/lipolysis rate; s is the critical size
for lipogenesis/lipolysis, which gives the half-maximal growth/shrinkage rate; and
g gives their steepness [24]. We confirmed that the function vðsÞ satisfactorily
explains the evolution of adipose cell-size distribution under positive and negative
energy balance, and inferred corresponding likelihood values of these parameters
[17]. For example, the maximal lipogenesis rate vm
þ has a larger value under highfat diet, compared with the value under regular diet, that allows the accelerated
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growth of adipose cells for storing excess lipid. Furthermore, insulin-sensitizing
drugs, thiazolidinediones (TZD), increase the growth rate of adipose cells [25].
Under conditions of large energy imbalance, one process among lipogenesis
and lipolysis dominates, and the growth/shrinkage rate vðsÞ is approximated by
either vþ ðsÞ or v ðsÞ. Therefore, the special condition implies that the growth/
shrinkage rate becomes dependent on cell-surface area. The surface-limiting
growth/shrinkage means that larger adipose cells become less efficient for storing
and releasing lipids. This conclusion based on microscopic phenomena could shed
light on the metabolic disorders in obesity where a large number of large adipose
cells are working inefficiently.

4.3 Size Fluctuations and Lipid Turnover
Lipids in adipose cells are continually removed by lipolysis and are replaced by
newly absorbed lipids in a process called lipid turnover [26]. This turnover can
contribute to size fluctuations of adipose cells. Under continuous high-fat diet, the
bump in the bimodal adipose cell-size distribution becomes flatter (Fig. 2). Based
on the fact that stochastic fluctuations are usually involved in the spread of
Gaussian distributions, we added a diffusion term simulating the effects of size
fluctuation of adipose cells on the distribution of adipose cell sizes in the model.
The physical origin of the size fluctuation is the stochastic movement of lipids
across the cell membrane. It turns out that size fluctuations do not contribute much
to the spreading of the distribution as they are dominated by the growth factor vðsÞ.
However, we found an active potentiating role for size fluctuations for adipose
tissue dynamics. The bimodal size distribution can be divided into a lower peak
and a Gaussian bump. The critical cell size at the nadir of the bimodal distribution
approximately corresponds to the critical cell size for lipogenesis. Therefore, small
cells below the critical size are not capable of growing with the growth process
vðsÞ. Nevertheless, the size fluctuation of the small cells can sometimes jump them
across the critical cell size. In particular, under high-fat diet, the size fluctuations
increase in magnitude. The larger stochastic jumps allow the transition of more
small cells into mature cells which are capable of growing. These cells progress to
larger sizes and add to the Gaussian bump observed in the adipose cell-size
distribution [16].

4.4 Cell Death
It has been frequently reported that larger cells are more susceptible to damage
by reactive oxygen species (ROS), hypoxia, and inflammation associated with
infiltration of the adipose tissue by immune cells such as macrophages [6–8, 27].
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In addition, larger cells are likely to be more fragile to physical stress [9].
Therefore, the size-dependent death rate of adipose cells can be modeled as:



km
s  sk
kðsÞ ¼
;
ð14Þ
1 þ tanh
2
gk
where km is the maximal death rate; sk is the characteristic size giving halfmaximal death rate; and gk is the width of the size dependence transition. The
death of adipose cells starts to occur when adipose tissues have to meet continuous
demand to enlarge under long-term high-fat diet [28]. Surprisingly, adipose tissue
mass starts decreasing after a prolonged period of positive energy balance. This is
due to the limited ability of some fat depots such as epididymal fat to keep on
expanding to accommodate the excessive demand. Eventually, adipose cell death
will dominate over cell growth. To describe this phenomenon, we assumed that
adipose cell death starts to occur when overall adipose cells expand too much. This
condition is mathematically described by a step function:
Hðs  sc Þ;
R

ð15Þ

R

where s ¼ ds snðsÞ= ds nðsÞ is the mean size of adipose cells. Therefore, the
death process of adipose cells is active, Hðs  sc Þ ¼ 1; only if the mean cell size
exceeds a certain critical size sc , otherwise Hðs  sc Þ ¼ 0 [17].
In addition to the passive death of enlarged adipose cells, it has been observed
that small cells are removed under negative energy balance [17]. Two hypotheses
are possible to explain the removal of small cells. Apoptosis is one simple possibility [29]. Note that this is a programmed cell death to actively remove
unnecessary capacity for storing lipids, in contrast to the passive cell death
(necrosis) of enlarged adipose cells. The other possibility is that the disappearing
small adipose cells may just shrink below an observable size limit (\25 lm).
Based on Bayesian model comparison, the latter model was more likely to explain
the evolution of adipose cell-size distribution under negative energy balance [17].
Therefore, the tiny adipose cells shrinking below the observable size window can
reappear when the energy balance turns positive.

4.5 Cell Turnover
Spalding et al. [3] have reported that human adipose cells have a life span of about
10 years. The dynamic processes of adipose cells inferred above can describe their
entire lifespan. New cells appear, and experience stochastic size fluctuations. Once
a cell reaches a lower critical size, it starts to grow in a size-dependent manner.
After reaching another upper critical size, it is removed by cell death. This
hypothetical model raises an explicit conjecture that larger adipose cells are older.
The processes of removal of old large cells and recruitment of new small ones
form a cycle. Indeed, the cycle in individual cells has also emerged in the
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evolution of adipose cell-size distributions. Oscillation of adipose cell-size distributions has been observed in rats with a period of about 50 days [30]. This
dynamic scenario can also explain the bimodal shape of adipose cell-size distributions. The accumulation of small adipose cells below the lower critical size for
size-dependent growth could explain the lower peak in the adipose cell-size
distribution.

5 Adipose Tissue Development
Adipose tissue dynamics varies depending on many factors including age and
genetic makeup. To account for age-dependent variations, we propose adding a
time dependent factor to Eq. (11) as follows:
on
o
o2 n
¼ bðtÞdðs  s0 Þ  ½vðs; tÞn þ D 2  kðsÞn:
ot
os
os

ð16Þ

The controversy of whether adipose tissues can recruit new cells after a certain
development stage or not might be due to a decrease in the birth rate after a critical
age. We propose that the birth rate increases with age before adulthood but starts
decreasing again after reaching a critical age:
(
2ðbmax b1 Þ
b1 þ 1þexpðAtÞ=a
if t  A;
1
bðtÞ ¼
ð17Þ
2ðbmax b2 Þ
b2 þ 1þexpðtAÞ=a2 if t [ A:
where A is the critical age, bmax is the maximum birth rate at the critical age A, b1
is the birth rate at the start, and b2 is the minimal birth rate reached at older age
(Fig. 3).

5.1 Parallel Tempering as a Model Selection Method
Figure 4 shows the change in adipose cell-size distribution over time taken from a
Zucker fatty rat under a regular chow diet.
The aim is to find the simplest model that can best fit the experimental data. In
the section above we already included age dependency for the birth rate. To do so
for vðsÞ is, however, less intuitive. vðsÞ has six parameters that can change with
m
age, vm
þ , sþ , gþ , v , s , and g . If we use different values for each of the six
parameters at each time step, we end up with too many parameters and thus overfitting the data. For example, in the above case, this will lead to 66 additional
parameters.
To decide which of the six parameters shows the most relevant variation, we
compare six models, in each of which only one of the parameters is time-dependent,
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Fig. 3 Age-dependent birth rate: Here N0 is the initial number of cells

and compare them using parallel tempering model comparison. If the aim is to
simply find the optimal values then the simulated annealing method [31, 32] would
be a better option as it is much less computationally intensive than parallel tempering. Global optimization methods such as simulated annealing provides us with
the cost ESA ¼ EðxÞ of Eq. (2) at the lowest energy point (i.e., at the optimal
parameters) but do not take into account the width of the energy landscape. The cost
R1
 b . Thus, a lower EPT implies a
obtained from parallel tempering is EPT ¼ 0 dbE
higher model likelihood as can be seen from Eq. (10).
Tables 1 and 2 show ESA and EPT respectively for the six models fitting 14
different experimental data. The data represent cell-size distribution over time
taken from rats fed either a regular chow diet (rats 4 and 5), a high fat diet (rats 6,
7, 8), or under a TZD treatment (rats 12 and 13). At each time point two biopsies
are taken, one from the right side and another from the left side. The results show
that the most likely model is the one where the steepness of the shrinkage rate
g vary with time (i.e., g takes a different independent value at each time-step).
Another factor that needs to be taken into consideration is a possible correlation
between parameters. For example, after examining the correlations between all the
parameters, we were able to reduce the model with g ðtÞ as follows: (1) Parameters
b1 and a2 of Eq. (17) and the diffusion constant D are kept constant. (2) The cell
death is defined as

Mathematical Models of Adipose Tissue Dynamics

23

Fig. 4 Adipose cell-size distributions depending on age




km
s  sk
kðsÞ ¼
;
ð18Þ
1 þ tanh
1 þ expðak ðSc  Sv ÞÞ
gk
R
R
where Sv ¼ ds s4 ðsÞ= ds s3 nðsÞ is the volume weighted average radius, and km ,
ak , sk , and gk are kept constant. (3) The growth/shrinkage rate is defined as




s  sþ
s  s
m
vðs; tÞ ¼ v rv tanh
 tanh
;
ð19Þ
0:5sþ
g
m m
for a constant vm
 and rv ¼ vþ =v .
Table 3 shows the ESA and EPT results for the reduced (model 2) and nonreduced (model 1) models with g ðtÞ. The non-reduced model, model 1, shows a
better fit than the reduced model, model 2, as indicated by the ESA values in
Table 3 and Figs. 5 and 6. However, model 2 is more likely as it has much lower
EPT values.
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Table 1 ESA
Data

vm
þ ðtÞ

vm
 ðtÞ

sþ ðtÞ

s ðtÞ

gþ ðtÞ

g ðtÞ

Rat4 Right
Rat4 Left
Rat5 Right
Rat5 Left
Rat6 Right
Rat6 Left
Rat7 Right
Rat7 Left
Rat8 Right
Rat8 Left
Rat12 Right
Rat12 Left
Rat13 Right
Rat13 Left
Total

17.11
15.16
10.91
14.63
8.89
9.44
16.73
11.97
10.57
16.28
7.43
9.40
11.61
15.73
175.86

16.18
15.02
12.12
14.31
9.10
10.28
18.08
12.00
9.64
13.94
8.51
9.45
13.26
14.98
176.86

16.02
15.19
11.50
12.49
9.27
9.88
17.71
13.71
10.03
13.44
8.86
8.12
13.81
14.98
175.03

16.94
16.55
10.47
13.93
9.10
10.28
18.21
12.13
10.32
12.91
8.63
9.38
12.93
13.69
175.46

15.53
16.75
12.90
12.21
9.73
10.63
15.84
14.87
10.78
14.97
8.54
8.84
13.98
15.22
180.8

15.58
14.38
10.67
12.24
8.59
8.31
15.47
10.83
10.15
13.31
7.66
8.62
12.80
13.39
161.99

Table 2 Model comparison: EPT
Data
vm
vm
þ ðtÞ
 ðtÞ

sþ ðtÞ

s ðtÞ

gþ ðtÞ

g ðtÞ

Rat4 Right
Rat4 Left
Rat5 Right
Rat5 Left
Rat6 Right
Rat6 Left
Rat7 Right
Rat7 Left
Rat8 Right
Rat8 Left
Rat12 Right
Rat12 Left
Rat13 Right
Rat13 Left
Total

63.08
60.33
52.80
55.73
48.62
50.35
57.82
53.89
50.91
54.52
44.56
43.55
55.83
59.21
751.21

57.09
56.55
50.60
53.51
44.50
44.68
56.70
47.73
47.74
52.68
39.31
40.10
51.25
55.41
697.86

65.68
64.61
61.69
60.70
52.12
56.78
61.18
58.97
57.36
57.90
49.49
48.25
61.17
60.57
816.47

57.49
54.75
49.83
53.86
43.81
45.08
52.99
46.86
50.13
53.45
38.22
38.71
50.29
55.49
690.97

65.75
63.81
57.12
59.02
50.19
50.52
58.78
55.71
55.60
60.96
44.41
45.60
56.36
60.93
784.75

65.69
60.73
55.32
58.51
51.57
50.10
60.35
53.28
58.11
55.36
44.31
45.76
55.94
58.40
773.44

6 Adipose Cell Dynamics and Body Composition
In this section we discuss the deduction of physiological processes affecting adipose tissue. The characteristic we consider in this example is the correlation of
adipose tissue state with insulin resistance.
Changes in adipose tissue morphology should be reflected in macroscopic body
composition. At the macroscopic level, our understanding of the relationship
between diet and body composition has improved greatly due to the development
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Table 3 Comparing Models 1 and 2
Data
ESA
Rat4 Right
Rat4 Left
Rat5 Right
Rat5 Left
Rat6 Right
Rat6 Left
Rat7 Right
Rat7 Left
Rat8 Right
Rat8 Left
Rat12 Right
Rat12 Left
Rat13 Right
Rat13 Left
Total
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EPT

Model 1

Model 2

Model 1

Model 2

15.58
14.38
10.67
12.24
8.59
8.31
15.47
10.83
10.15
13.31
7.66
8.62
12.80
13.39
161.99

18.42
17.95
13.06
17.64
10.43
10.33
18.48
12.69
12.28
15.66
8.21
10.23
13.92
16.26
195.56

57.49
54.75
49.83
53.86
43.81
45.08
52.99
46.86
50.13
53.45
38.22
38.71
50.29
55.49
690.97

43.75
42.15
36.32
39.90
31.65
30.81
43.25
35.43
33.55
38.10
26.74
27.89
35.64
39.03
504.21

Fig. 5 Adipose cell-size distribution fit with Model 1: Here we show both the adipose cell-size
distribution from experimental data (in pink for the right side and light blue for the left side) and
the corresponding fit using Model 1 (red and dark blue, respectively)

of predictive mathematical models by Hall and collaborators [33] and others.
Apart from transient effects on body composition due to changes in glycogen and
water, the fat mass change predicted by these dynamic models of adipose tissue

26

J. Jo et al.

Fig. 6 Adipose cell-size distribution fit with Model 2: Here we show both the adipose cell-size
distribution from experimental data (in pink for the right side and light blue for the left side) and
the corresponding fit using Model 2 (red and dark blue, respectively)

should agree with the fat mass change predicted by body composition models. This
raises a puzzle. Parameters describing adipose cell size distributions are correlated
with measures of insulin resistance, so changes in fat mass computed from adipose
tissue dynamics will depend on insulin resistance through this correlation with
initial adipose cell size distributions [12, 26, 35, 36]. However, the body composition model [33] depends on BMI, gender, age and physical activity level but
not on insulin sensitivity. It must follow that parameters determining the dynamics
of adipose cell size distributions depend on insulin resistance in a manner that
compensates for the insulin resistance dependence of the initial cell-size
distributions.
Adipocyte cell-size distribution and physiology data from 28 individuals [12]
was separated into six subgroups based on insulin resistance/sensitivity (IR/IS)
and/or gender (F/M). Using this data, a body composition model was evolved with
isocaloric, weight maintenance diets with different carbohydrate composition
0–100 %, for a period of two weeks. The adipose tissue dynamics model was
simplified to exclude effects from increases in cell number. As the time period
under consideration is short (two weeks) and the weight change is not dramatic due
to an isocaloric diet, this simplification is justified. The majority of the fat that is
stored in the fat cells is in larger fat cells as evident in a volume-weighted adipose
cell size distribution (Fig. 7). The volume weighted adipose cell size distribution
predominantly consists of the cell sizes that are in the Gaussian component of the
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Fig. 7 Gaussian approximation: Most fat mass is in bigger cells

distribution. We therefore used only this component of the adipose cell size distribution to model adipocyte dynamics, using the height, mean, and variance from
the patient data. Apart from cell number changing processes, the rest of the model
we used is the same as given in the previous sections [16, 17], with a diffusive
component with parameter D and a convective component with parameter vm0 . The
adipose cell size distribution in most individuals is approximated well by a
mathematical model composed of two decaying exponentials and one Gaussian
distribution [12]. Each distribution was normalized to the total number of cells to
account for differences in fat cell number between individuals based on weight.
The body composition models predicted change in fat mass was compared to
the prediction from diffusion and convective drift acting on the adipose cell size
distribution. A cost function equal to the sum of square differences between the
non-transient body composition data from week 1-2 and the adipose tissue models
normalized fat mass from week 1-2, computed from the density of fat and the
number of cells at each diameter in the distribution. The cost was evaluated for
each of the six groups, insulin sensitive (IS), insulin resistant (IR), IS males (ISM),
IS females (ISF), IR males (IRM), and IR females (IRF), at different combinations
of D and vm0 to determine the combination that minimized the cost function. The
number of subjects are 15, 13, 4, 11, 4, and 9, for IS, IR, ISM, ISF, IRM, IRF,
respectively. Nevertheless, the cost surfaces show that requiring agreement
between the predictions of the two models specifies lipid turnover and lipid uptake
or release magnitudes.
Cost surfaces show that lipolysis or lipogenesis vm0 has a much greater effect on
the goodness of fit than the lipid turnover D (Fig. 8). Lipogenesis and lipolysis,
represented by convective velocity, have the greater effect since they move the
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Fig. 8 Lipolysis/lipogenesis have the greater effect on the cost function than lipid turnover:
The cost function (sum of square differences (SSD) between adipocyte dynamics and nontransient body composition changes) as a function of lipid turnover (diffusion, D) and lipogenesis/
lipolysis (convective velocity, vm0 ). Groups shown: Insulin Sensitive (IS) and Insulin Resistant
(IR), Males (M) and Females (F) at 0 % of total energy from carbohydrates

entire distribution in one direction. As such, it should follow that a larger value for
the convective parameter should lead to faster weight gain than a smaller convective
velocity. In contrast, lipid turnover is negligible (D\104 lm2 /week) in males but
not in females. This suggests that lipid is being added to the adipocytes and thus there
is very little turnover. This is consistent with the evidence that lipid turnover is
higher in women than in men, possibly related to catecholamines [39, 40].
Observing a consistent trend in IRM and ISM in terms of lipid turnover, and
lipogenesis and lipolysis under weight gain and weight loss respectively, cost
surfaces were computed for both IRM and ISM at a finer resolution using step
increases of 10 % in carbohydrate fraction of dietary intake. Weight gain conditions
presented differently shaped cost surfaces but weight loss conditions presented
almost identical trends (Figs. 9 and 10). At a rate of 103 lm2 /week, lipid turnover
is very small compared to the rate of lipogenesis. This is in contrast to the nonnegligible lipid turnover found in the IRF and ISF groups. The minima provide
insight into the previously mentioned transient rise and fall in lipid turnover during
weight loss. Both IRM and ISM show a peak lipid turnover that then decreases as
the carbohydrate percentage in the diet increases. However, the diet at which
turnover is maximized is different as IRM peaks at 80 % while ISM peaks at 90 %.
Both exhibit a sigmoidal increase in rate of lipolysis from 50 to 100 % of diet from
carbohydrates. Under weight gain conditions, ISM exhibits a rapid decrease in the
rate of lipogenesis as the carbohydrate percentage increases from 0 to 50 %.
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Fig. 9 ISM and IRM demonstrate different cost functions under weight gain yet similar
cost functions under weight loss: The cost function as a function of lipid turnover (diffusion, D)
and lipogenesis/lipolysis (convective velocity,vm0) for different isocaloric diets of 0, 20, 40 %
energy from carbohydrates. Groups shown: insulin resistant males (IRM) and insulin sensitive
males (ISM)

Fig. 10 ISM and IRM cost functions: 60, 80, and 100 % energy from carbohydrates
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Fig. 11 Comparison of lipid turnover (D) and lipogenesis/lipolysis (vm0 ) values in IRM and
ISM: Comparison of lipid turnover (diffusion, D) and lipogenesis/lipolysis (convective velocity,
vm0) values in Insulin Resistant Males (IRM) and Insulin Sensitive Males (ISM) at different
isocaloric diets. The lipid turnover for IRM and ISM are both negligible during weight gain and
are approximated at zero. Lipogenisis for IRM is 12 m/week (not shown on this scale) for all diets
\50 % carbohydrate. During weight loss (carbohydrate [ 50 %), ISM predict a greater
lipogenesis than IRM. ISM also predicts a greater diffusion coefficient while IRM displays a
transient curve

Though the IRM rate of lipogenesis was found to be 1:2 lm2 /week for all diets
0–50 % carbohydrate, it may be that it exhibits a similar, albeit smaller decrease.
The differences in vm0 predict that insulin resistant individuals will more easily gain
weight while their insulin sensitive counterparts are slower to gain the same weight
[3]. In contrast, differences in lipolysis and turnover between ISM and IRM during
weight loss indicate that insulin resistant individuals will experience slower weight
loss compared to their insulin sensitive counterparts (Fig. 11). The three insulin
resistant groups exhibited narrow ranges for changes in D and vm0 during weight
gain and weight loss, consistent with previous conclusions that insulin resistant
adipocytes are less dynamic [36].
We used only the Gaussian component of the adipose cell size distribution but it
may be that the parameters could be determined with greater precision by using the
entire distribution. Note that the Gaussian approximation is best for the insulin
sensitive groups. The adipose tissue dynamics model will need to include cell
number changing processes for studies over longer time intervals [16]. Serial
biopsies in subjects over the course of weight gain or loss would be a definitive test
of the model comparison.
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We have provided here a proof of principle that requiring the mathematical
consistency of two physiological models of fat mass at different scales and
incorporating different elements of subject data gives insight into changes in
physiological processes in adipose tissue associated with insulin resistance.

7 Summary and Discussion
Adipose cell-size distributions represent traces of physical processes that individual adipose cells experience during their life. In the Chapter, we introduced
how to infer dynamical processes from changes of static cell-size distributions
using Bayesian inference. Given experimental data, mathematical modeling generally proposes possible hypothetical models that can explain the data. Bayesian
inference plays a crucial role in obtaining the likelihood parameter values for
given models, and quantitatively selecting the best model among them [21].
Therefore, this can serve as a general framework to infer underlying dynamics
given data. For example, we have applied this to understand the development of
pancreatic islets, the critical micro-organs for glucose metabolism [41].
Adipose cell-size distributions have long been measured in obesity research.
However, mean cell size, obtained from the size distribution, was the single
information practically used to examine hypertrophy and hyperplasia of adipose
cells [4, 5]. Unlike these classic studies, the mathematical modeling of adipose
cell-size distributions can provide substantially more information on adipose tissue
dynamics. We could determine the cell-size dependency of adipose cell growth or
shrinkage and death under positive/negative energy balance. In addition, cell-size
fluctuations (lipid turnover) and cell turnover in adipose tissue are difficult to
obtain experimentally. Therefore, mathematical modeling plays dual roles for
integrating given data and for predicting physiological mechanisms that are not
directly observable. The modeling is only as good as uncertainties in data allow.
For example, the correct estimation of total cell number is critical because it
affects the inference of cell recruitment and death. Although we deduced total cell
number in adipose tissues from the tissue mass divided by the average mass of
adipose cells, the number estimation could be erroneous due to an inaccurate
measurement of the average cell mass. This uncertainty can ultimately be avoidable with direct measure of total cell number in adipose tissues. As another
example, a fixed cell-size distribution can be explained alternatively as a stationary
distribution exactly balancing cell recruitment, special growth, and death. Here
direct measurements of one of these physical processes can easily check or rule out
alternative possibilities. Therefore, for a better understanding of adipose tissue
dynamics, theoretical modeling and experiment should complement each other.
This Chapter has focused on explaining the mechanistic building blocks of
physical processes in modeling of adipose tissue dynamics. To complete the
modeling, physiology of energy homeostasis needs to be incorporated into the
present model so that each physical process is automatically controlled by
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metabolism. For example, the amplitude and shape of the cell growth rate vðsÞ
should naturally vary depending on energy balance. Furthermore, the effect of
insulin, regulating glucose metabolism, should also be incorporated into the
growth rate vðsÞ. We took a first step towards this by comparing body composition
predictions and adipose tissue predictions. A complete model may unify lipid and
glucose metabolism, and provide a new platform for understanding metabolism.
Such a model may also provide insight into how adipose tissue dynamics regulates
energy storage capacity under the uncertainty of following food intakes and energy
consumption.
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