Chapter 2

Two Methods of Non-hierarchical Clustering

2.1 Preamble
As mentioned in the Preface, the development provided in this book is dominated
by the potential of applying ascendant agglomerative hierarchical clustering to all
types of data. Nonetheless, the specific methodology devoted to non-hierarchical
clustering is also very important. In these conditions, we shall describe in this chapter
two mutually very different methods of non-hierarchical clustering. The first one,
called “Central Partition” method, is due to S. Régnier [35–37]. The second method
called “méthode des Nuées Dynamiques” or “Dynamic cluster method” is due to
E. Diday and collaborators [10, 11, 13, 16]. This approach corresponds to a vast
generalization of the K-means method, initiated by Forgy [17] and Jancey [19].
A very important idea, common to both approaches, consists of summarizing a
finite set E situated in a space endowed with a distance function, by a centre. For the
central partition method, E is a set of partitions on a finite set of objects and for the
dynamic cluster method, E is a cluster of elements of a finite set of objects, or, more
generally, a finite set of structures on an object set O. In the case presented here (see
Sect. 2.3) the set O to be clustered is represented by points in the geometrical space
Rp , where R denotes the reals and p a given positive integer.
The presentation of the central partition method may partially require the formalism established in Chap. 3. Some recent theoretical and methodological developments of this method will be indicated, particularly, in Sect. 2.2.4. Otherwise, the
K-means algorithm is certainly the basic technique which has received the greatest
development in non-hierarchical clustering [3, 18]. We shall try to comment on some
of their elements.
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2.2 Central Partition Method
2.2.1 Data Structure and Clustering Criterion
2.2.1.1

The Data

A set A = {am |1 ≤ m ≤ p} of nominal categorical attributes (see Sect. 3.3.1 of
Chap. 3) is assumed established in order to describe a set O of objects. Let Cm be
the value set of the attribute am , 1 ≤ m ≤ p. Designating by a the vector attribute
(a1 , a2 , . . . , am , . . . , ap ), the description can be expressed in terms of the mapping
a −→ C = C1 × C2 × · · · × Cm × · · · × Cp


x → a(x) = a1 (x), a2 (x), ..., am (x), ..., ap (x)

(2.2.1)

where x ∈ O and where am (x) is the category of am possessed by x, 1 ≤ m ≤ p. The
sets Cm are finite, without any specific structure. Thereby, each of the am attributes
induces a partition Pm on the object set O, 1 ≤ m ≤ p. If Km is the class number of
Pm , the latter can be written as


Pm = O1m , O2m , . . . , Okm , . . . , OKmm

(2.2.2)

where Okm (Okm ⊂ O) is composed of the set of objects having the kth value of the
attribute am , 1 ≤ k ≤ Km , 1 ≤ m ≤ p. Thus, the data are defined by the partition
vector
(P1 , P2 , . . . , Pm , . . . , Pp )

(2.2.3)

on O.
As indicated above, this data structure will be expressed again in Sect. 3.3.1 of
Chap. 3. Equally, it will intervene in Sect. 7.2.3 of Chap. 7 devoted to the construction of a similarity index between objects described by nominal categorical attributes.
According to (2.2.3), a partition P that we have to compare with the family of partitions Pm , 1 ≤ m ≤ p, will be represented as a partition vector having p components
equal to the same partition P:
(P, P, . . . , P, . . . , P)

2.2.1.2

(2.2.4)

The Notion of Central Partition

Let P = (Pm |1 ≤ m ≤ p) be a sequence of partitions on a set O of objects. The notion
of central partition of P assumes the definition of a distance δ on the set P of all
partitions on O. In these conditions, a central partition P of P is defined as
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⎧
⎡
⎨
1
Arg minP∈P ⎣
⎩
p

1≤m≤p

⎤⎫
⎬
δ(Pm , P)⎦
⎭

(2.2.5)

Clearly, in the expression of this criterion, the multiplicative factor 1p can be
omitted. However, according to [35, 36], we will keep it. In fact, it refers to the mean
notion.
If P and Q are two partitions of O, S. Régnier considers for δ(P, Q) the cardinal
of the symmetrical difference of the graphs in O × O of the equivalence relations
associated with P and Q. Without risk of ambiguity, the latter relations can also be
designated as P and Q.
Notice that the graph of the equivalence relation associated with Pm defined above
(see (2.2.2)) is given as
gr(Pm ) =

⎧
⎨
⎩

Okm × Okm

(x, y)|(x, y) ∈
1≤m≤Km

⎫
⎬
⎭

(2.2.6)

Thereby, clearly, the representation of a partition of O, by the graph of the associated equivalence relation, is situated in the Cartesian product O × O.
In these conditions, the criterion to be minimized becomes
δ[(P1 , P2 , . . . , Pm , . . . , Pp ), (P, P, . . . , P, . . . , P)] =

1
p



card gr(Pm )gr(P)
1≤m≤p

(2.2.7)
where  designates the symmetrical difference.
Without loss of generality, we may consider the representation of the graph of an
equivalence relation at the level of the set F = P2 (O) of unordered distinct object
pairs of O, that is, by a subset of F (see Sect. 1.5 of Chap. 1 and Sect. 4.3.2 of Chap. 4).
This representation at the F level is more reduced (card(F) = n(n − 1)/2) than that
in O × O. The diagonal of the latter set, that is, the subset of pairs of the form (x, x)
(x ∈ O) does not take part in the new representation. Clearly, we can deduce one of
both representations from the other.
Now, by considering the representation at the F level, we can observe that the
distance index


δ(P, Q) = card gr(P)gr(Q)

(2.2.8)

where P and Q are two partitions of O, can be reduced to the Rand similarity index
expressed in Sect. 4.3.2 of Chap. 4. If Rand(P, Q) designates this index, we can show
easily that


δ(P, Q) = n 1 − Rand(P, Q)
where n = card(O).

(2.2.9)
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2.2.1.3

Analysis of a Classification (Clustering) Criterion

As considered by S. Régnier [35, 36], let us return now to the representation in O × O
of a partition P of an object set O. To gr(P) (where P denotes here the equivalence
relation associated with a partition P) corresponds the indicator function  defined
as follows:



∀(x, y) ∈ O × O (x, y) = 1 if x and y are in a same class of P


∀(x, y) ∈ O × O (x, y) = 0 if x and y are in different classes of P
(2.2.10)

By coding the set O with the set I = {1, 2, . . . , i, . . . , n} of the first n integers, the
partition P can be represented by the point S of the cube {0, 1}n×n , whose coordinate
sequence is


(x, y)|(x, y) ∈ O × O

(2.2.11)

We have


∀(x, y) ∈ O × O , (x, y) = (y, x)


∀(x, y) ∈ O × O , (x, y) = 1 and (y, z) = 1 ⇒ (x, z) = 1 (2.2.12)
Conversely, each point of the cube {0, 1}n×n , for which (2.2.11) and (2.2.12) are
satisfied, is the representation of a partition of O.
We will designate by m and  the indicator functions associated with the partitions Pm and P in (2.2.3) and (2.2.4), 1 ≤ m ≤ p.
Notice that the logic cube {0, 1}n×n represents all the binary relations on O.
By immersing it in the geometrical space Rn×n , endowed with the usual Euclidean
metric, the square distance between two binary relations R and R , represented by
their respective indicator functions ρ and ρ , is
d 2 (ρ, ρ ) =

[ρ(x, y) − ρ (x, y)]2

(2.2.13)

(x,y)∈O×O

We have



card gr(R)gr(R ) = d 2 (ρ, ρ )

(2.2.14)

In the case where R and R are partitions of O, as in Eq. (2.2.7) for Pm and P,
this index gives the number of ordered pairs (x, y) of O × O which are joined in the
same class for one of both partitions and separated into two classes for the other.
In these conditions, the criterion defined in (2.2.7) becomes
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 1
δ (P1 , P2 , . . . , Pm , . . . , Pp ), (P, P, . . . , P, . . . , P) =
d 2 (S m , S)
p 1≤m≤p
(2.2.15)
where S m (resp., S) is the point of Rn×n representing the equivalence relation Pm
(resp., P), 1 ≤ m ≤ p. The coordinates of S m (resp., S) are given
by the

 indicator function m (resp., ). More precisely, sijm |(i, j) ∈ I × I (resp., sij |(i, j) ∈

I × I ) will represent the coordinate vector of S m (resp., S). sijm (resp., s(i, j)) is
defined by m (x, y) (resp., (x, y)), where (x, y) is coded by (i, j) ∈ I × I. Then,
m
(resp., sij or sxy ), 1 ≤ m ≤ p.
we will denote below indifferently, by sijm or sxy
Equation (2.2.15) can be written as
1
1
(sm − sxy )2 =
Sm − S
p 1≤m≤p xy
p 1≤m≤p

2

(2.2.16)

where • designates the Euclidean norm in Rn×n .
The interest in immersing the cube of the binary relations on O in Rn×n is due
to the barycenter properties in the latter space. Let us designate by G the centre of
gravity of the family of points {S m |1 ≤ m ≤ p} of Rn×n , equally weighted as
G=

1
Sm
p 1≤m≤p

(2.2.17)

We have
1 m
S −S
p
1≤m≤p

2

= S−G

2

+

1 m
S −G
p
1≤m≤p

2

(2.2.18)

This is a classical formula—easily demonstrable—concerning a cloud of points
in an Euclidean space (see Sect. 10.3.3) where the moment of order 2 with respect
to a given vertex S is decomposed relatively to the cloud inertia (moment of order 2
with respect to the gravity centre of the cloud).
In these conditions, a central partition can be defined as realizing the minimum
of S − G 2 , with respect to S. Considering the general property (2.2.10) in which
sxy can be substituted for xy , the function S − G 2 of S can be simplified. In fact
all of the points of the cube {0, 1}n×n are at equal distance of the point H, whose
coordinates are all equal to 21 . We have




1 2
1
∀(x, y) in O × O sxy −
=
2
4
and then,


S−H

2

=
(x,y)∈O×O

1
sxy −
2

2
=

n2
4

(2.2.19)
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We can say, in geometrical terms, that the cube of the binary relations on O is
inscribed in the ball centred in H of radius n2 /4. It follows that
S − G 2 = (S − H) + (H − G) 2 = S − H 2 + H − G 2 + 2 · S − H, H − G

(2.2.20)
where •, • denotes the symmetrical bilinear form associated with the Euclidean
norm. In these conditions, (2.2.20) can be written as
S−G

2

=

n2
+ G−H
4

2

− 2 · S − H, G − H

(2.2.21)

Therefore, minimizing S − G 2 is equivalent to maximizing the scalar product
S − H, G − H which can be expanded as follows:



1
1
sxy −
gxy −
(2.2.22)
2
2
(x,y)∈O×O
where the gxy , (x, y) ∈ O × O, are the coordinates of the point G, that is,
gxy =

1
sm
p 1≤m≤p xy

(2.2.23)

By putting txy = gxy − 21 , the central partition is defined as maximizing the linear
form
txy .sxy

L(S) =

(2.2.24)

(x,y)∈O×O

For a partition P = {Ok |1 ≤ k ≤ K} of O, whose classes are the Ok , 1 ≤ k ≤ K,
(2.2.24) can be written as
L(S) =

txy

(2.2.25)

1≤k≤K (x,y)∈Ok ×Ok

where S is the point of {0, 1}n×n representing the equivalence relation P, associated
with the partition P. The kth term of the sum over {1, 2, . . . , k, . . . , K} is a measure
of cohesion or density of the class Ok . L(S) is then the sum of densities of the different
classes of P.
It is easy to see that gxy < 1/2 for every (x, y) in O × O, is a necessary and
sufficient condition that the finest partition (each class is a singleton class) is optimal
for L(S). On the other hand, the coarsest partition into a single class can be optimal
without having necessarily gxy > 1/2 for all (x, y) in O × O. Finally, we can notice
that when gxy is constant and equal to 1/2, every partition of O is a central partition.
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Example of Computing L(S)
Relative to the incidence data Table 4.1 given in Sect. 4.2.1.2 of Chap. 4, let us compare the partitions


P = {C1 , C2 } = {oa , od , of }, {ob , oc , oe }
and



Q = {D1 , D2 } = {oa , od , oe , of }, {ob , oc }

of the set O = {oa , ob , oc , od , oe , of }, where we have D1 = C1 + {oe } and D2 =
C2 − {oe }.
This incidence data table illustrates the description of 6 objects by 18 Boolean
attributes. In order to carry out the comparison mentioned, each Boolean attribute is
interpreted here as a nominal categorical attribute with two values, 0 and 1. Table 2.1
gives the respective values of txy on O × O. The rows of Table 2.1 are arranged in
such a way that both partitions P and Q can clearly be distinguished.
For P, the criterion value is
13
39
41 37
+
=
=
18 18
3
9
and for Q,
46 24
35
+
=
18 18
9
Therefore, P is better than Q, according to the criterion concerned.
Admissible Metrics in Rn×n
The reason for which seeking for a central partition leads to maximizing a linear
form (see (2.2.24)) is due to the fact that in Rn×n , all the points of the cube {0, 1}n×n

Table 2.1 Cohesion table
OO
oa

od

of

oe

ob

oc

oa

1
2

1
6

1
9

− 16

− 19

− 19

od

1
6

1
2

1
9

1
18

0

− 19

of

1
9

1
9

1
2

0

− 16

7
− 18

oe

−

1
6

1
18

0

1
2

1
9

0

ob

−

1
9

0

− 16

1
9

1
2

1
6

oc

−

1
9

− 19

7
− 18

0

1
6

1
2
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are—for the ordinary Euclidean metric—equally distant from a specific point (called
H above). We shall now characterize the symmetrical linear forms, giving metrics in
Rn×n , which possess this property. In order to set forth the following proposition, let
us designate by {EI |1 ≤ I ≤ n2 } the canonical base of Rn×n . EI is a vector with n2
components for which the Ith component is equal to 1 and the others to 0. We have
Proposition 24 Let B(X, Y ) (X, Y ∈ Rn×n ) be a symmetrical bilinear form giving
rise to a metric in Rn×n . A necessary and sufficient condition for which the metric
associated with B(X, Y ) is such that there exists a point K (K ∈ Rn×n ) equally
distant from all points of the cube {0, 1}n×n , is that the canonical base {EI |1 ≤ I ≤ n2 }
is orthogonal.
Clearly, the stated condition is sufficient. If the canonical base is orthogonal for
B(X, Y ), we have


∀(I, J), 1 ≤ I, J ≤ n , B(EI , EJ ) = 1(resp., 0) if I = J(resp., I = J)
If H is the point of Rn×n whose coordinates are all equal to 21 , then, for any point
X of {0, 1}n×n , we have
X −H =
1≤I≤n2

1
EI
2

(2.2.26)

Therefore,
B(X − H, X − H) =

1 2
n
4

(2.2.27)

Conversely, to begin with, let us verify that if all points of the cube C = {0, 1}n×n
are at equal distance of a given point H of Rn×n , then, necessarily, H = H. In fact,
if X is an arbitrary point of the cube C, associate the point X with X, defined by
X = U − X, where U is the point of C, whose coordinates are all equal to 1. Due to
these assumptions, we have
Q(X − H) = Q(X − H) and Q(X − H ) = Q(X − H )
where Q(Y ) = B(Y , Y ) is the square of the norm of Y , corresponding to B.
Now, let us expand Q(X − X ) of two different ways, by referring to H and K,
respectively,
Q(X − X ) = B[(X − H) − (X − H), (X − H) − (X − H)]
= 2B[(X − H), (X − H)] − 2B[(X − H), (X − H)]
= 2B[(X − H), (X − X )]

(2.2.28)
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Similarly, we have
Q(X − X ) = 2B[(X − H ), (X − X )]

(2.2.29)

From (2.2.28) and (2.2.29), we obtain
B(H − H, X − X ) = 0

(2.2.30)

for all X and X = U − X. Hence, H = H.
H being the point of Rn×n whose coordinates are all equal to 21 , if Q(X − H)
is a constant c2 , then, for every point Y whose coordinates are equal to 1 or −1,
Q(Y ) = 4c2 . In fact, there exists a single X of C, for which Y = 2(X − H). On the
other hand, Q(Y ) = Q(−Y ). It results that Q cannot include in its expression with
respect to the canonical base, rectangle terms. If not, the value of Q(Y ) would change
by substituting Y = −Y for Y. Therefore, Q(X) is necessarily of the form
qij xij2
(i,j)∈I×I

where the xij , (i, j) ∈ I × I are the coordinates of the vertex X in C.

Following the end of this proof, notice that if X and X are two points of the cube
C, representing two binary relations R and R on O, Q(X − X ) can be interpreted
as a measure—defined by {qij |(i, j) ∈ I × I}—of the symmetrical difference of the
graphs of R and R in O × O.

2.2.2 Transfer Algorithm and Central Partition
2.2.2.1

Transfer Algorithm

The transfer algorithm is independent of the nature of the criterion to optimize.
However, its expression is more consistent in the case of a linear criterion with respect
to the set of object pairs. In these conditions, we pay attention to a criterion of the
form (2.2.25). In the latter, txy = gxy − 0.5 plays the role of a similarity index between
x and y, where gxy is a similarity index comprised between 0 and 1, (x, y) ∈ O × O.
In fact, up to a coherent scale transformation, the latter property can be filled by
a very general family of similarity indices. Nevertheless, referring to the value 0.5
cannot be justified for most of the similarity indices on O.
For a partition P on O, let c(P) be the value of a criterion c on P, which has to be
maximized. From P, we can build a very near partition P by moving one object of
its class and putting it in another one. The latter might be a new class. To fix ideas,
we consider the set PK of partitions on O into K classes at most (Pn is the set of all
partitions). By labelling the partition classes, a partition P can be represented by a
mapping f which makes correspondence between O and the class labels:
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f : O −→ {1, 2, . . . , k, . . . , K}

(2.2.31)

The transfer of an object x from its class labelled l to the class labelled k, is defined
by substituting for the mapping f , that f of O into {1, 2, . . . , k, . . . , K}, defined as
follows:
f (x) = k = f (x) = l
f (y) = f (y) if y = x

(2.2.32)

This transfer is denoted in the following by Tlk (x)/f .
This algorithm has to be initialized. A quick suggestion in the framework of the
data structure presented in Sect. 2.2.1, consists of taking in (2.2.3) the partition Pm
which maximizes c(P).
By iterating the transformation (2.2.32) we can describe all the set PK (see above).
The algorithm consists of passing from one partition to the other (from P to P ), by
transfer, choosing at each step the transfer Tlk (x)/f (see (2.2.32)), which maximizes
the criterion c: c(P ) − c(P) maximum.
The development will be stopped when there does not remain any profitable
transfer: c(P ) − c(P) < 0 for all passages from P to P (see (2.2.32)).
The algorithm definition above gives rise to a new distance between partitions. By
denoting it τ , for a pair (P, Q) of partitions of O, τ (P, Q) is the minimum number
of transfers (2.2.32) needed to transform one of both partitions into the other. In
[7, 8] some interesting formulas are given in certain conditions for the value of this
distance.

2.2.2.2

Computing Central Partitions

As expressed above, the criterion to be maximized is linear with respect to the set
O × O represented by the cube C = {0, 1}n×n , see (2.2.25) which we again take up
here:
⎛
⎞
⎝

L(S) =
1≤k≤K

txy ⎠

(2.2.33)

(x,y)∈Ok ×Ok

where S is the point of C representing the partition P = {Ok |1 ≤ k ≤ K}. Besides, the
notation P can replace S in L(S). By considering the representation of the partition
P by means of the mapping f (see (2.2.31)), L(S) can be written as
⎛
⎞
⎝

L(S) =
1≤k≤K

(x,y)∈O×O,f (x)=f (y)=k

txy ⎠

(2.2.34)
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Let Ok and Oh be two classes of the partition P and let u be an element of Ok ,
the transfer of u from Ok to Oh modifies two elements of the first sum in (2.2.34),
namely
txy and

txy

(x,y)∈Ok ×Ok

(x,y)∈Oh ×Oh

The sum of these two sums become
txy +
(x,y)∈(Ok −{u})×(Ok −{u})

txy

(2.2.35)

(x,y)∈(Oh +{u})×(Oh +{u})

The variation of L(S) is


 L(S) = −

tuy −
y∈Ok

txu +
x∈Ok

txu +
x∈Oh

tuy

(2.2.36)

y∈Oh

By considering,



∀x, y, u ∈ O , tux = txu and tuy = tyu

and setting
Alu =

txu : attraction of the object u by the class l, 1 ≤ l ≤ K
x|x∈Ol ,x =u

we get


 L(S) = 2(Ahu − Aku )

(2.2.37)



 L(S) gives the gain in transferring the object u from the class Ok to the class
Oh . As mentioned above, Oh might be a new class initially empty. In this case
Ahu = tuu = 0.5.
Now, consider the table indexed by O × {1, 2, . . . , l, . . . , K} with n rows and K
columns
A = {Alu |u ∈ O, 1 ≤ l ≤ K}

(2.2.38)

In the transfer Tkh (u), only the columns k and h change according to
Alu ←− Aku − tux
Ahu ←− Ahu + tux

(2.2.39)
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Example



Consider the partition Q = {oa , od , oe , of }, {ob , oc } of the previous example. We
can observe that the transfer of the object oe from the cluster D1 = {oa , od , oe , of } to
D2 = {ob , oc }, is profitable.

2.2.3 Objects with the Same Representation
The transfer algorithm has been defined at the level of a set O of objects. A unit
element corresponds to a single object of O. However, there may exist objects of O
having the same descriptive representation in
C = C1 × C2 × · · · × Cm × · · · × Cp

(2.2.40)

(See (2.2.1)). a designating the descriptive vector attribute (a1 , a2 , . . . , am , . . . , ap ),
two objects x and y have the same representation if and only if


∀m, 1 ≤ m ≤ p , am (x) = am (y)

(2.2.41)

If so, x and y are expected to be clustered together in the central partitions.
In fact, if we assume that x and y, for which a(x) = a(y), are separated by a
partition P = {O1 , O2 , . . . , Ok , . . . , OK }, for example, x ∈ Oj and y ∈ Oh , with 1 ≤
j = h ≤ K, then transferring x in Oh or y in Oj increases strictly the linear form
L(P) =
1≤k≤K

⎛

⎞

⎝

⎠ tuv

(2.2.42)

(u,v)∈Ok ×Ok

considered in (2.2.33).
Transferring x in Oh , entails the variation

 1
txv −
txu
1 L(P) = +
2 v∈O
u∈O
h

(2.2.43)

j

of L(P). On the other hand, transferring y in Oj , gives the variation

 1
2 L(P) = +
tyu −
tyv
2 u∈O
v∈O
j

(2.2.44)

h







Now,
 thesum 1 L(P) + 2 L(P) is equal to 1 and then, necessarily 1 L(P)
or 2 L(P) is strictly positive.
In these conditions, it comes to work at the level of the image a(O) which defines
a cloud of points in C:
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a(O) = {(ξ, nξ )|ξ ∈ C}

(2.2.45)

where nξ is the number of objects in O having the same representation ξ. Clearly,
the cardinal of the set of ordered pairs
{(ξ, nξ )|ξ ∈ C, nξ = 0}

(2.2.46)

is lower than n = card(O), thereby we may denote by q (q ≤ n), the cardinality of
a(O).
Therefore, it is advisable to work in the set a(O). In these conditions, the criterion
L(P) can be written as
nξ · nη (ξη − gξη )2

L(P) =

(2.2.47)

(ξ,η)∈a(O)×a(O)

where ξη is the common value of xy for (x, y) in a−1 (ξ) × a−1 (η). Moreover,
gξη =

1
sm (x, y)
p 1≤m≤p

(2.2.48)

where (x, y) belongs to a−1 (ξ) × a−1 (η). Recall that sm (x, y) stands for m (x, y),
where m is the indicator function of the partition of O associated with the mth
attribute am , 1 ≤ m ≤ p.
To summarize, a partition of O is represented as a partition of a(O) (a(O) ⊆ C).
The relational representation of a partition of O is realized at the level of the cross
product a(O) × a(O):


∀(ξ, η) ∈ a(O) × a(O) , ξη = xy for (x, y) ∈ a−1 (ξ) × a−1 (η)

(2.2.49)

The linear form of the criterion (see (2.2.24)) becomes
L(P) =

tξη sξη

(2.2.50)

(ξ,η)∈a(O)×a(O)

Due to the previous development and in particular to Eq. (2.2.47), we have
Proposition 25 By adopting on Rn×n the metric
Q(R) =

nξ · nη ρ2ξη

(2.2.51)

(ξ,η)∈a(O)×a(O)

where R = {ρξη |(ξ, η) ∈ a(O) × a(O)} is a valuated binary relation on a(O), central
partitions defined at the level of a(O) are identical to those defined at the level of O.
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This new metric has the same algebraic properties as those of the metric defined
initially, which are expressed in Sect. 3.3.1; particularly, the barycenter property and
that stated in Proposition 24. However, previously, the square distance between two
relations X and Y on O was the cardinal of the symmetrical difference of their
respective graphs in O × O. Now, X and Y have to be defined on the representation
set C (see (2.2.40)). Moreover, Q(X − Y ) represents the sum of the products nξ .nη
over all the pairs (ξ, η) in C × C for which exactly one of both relations is satisfied.
Consequently, it is a measure—with integer values—of the symmetrical difference
of the graphs of X and Y in C × C.

2.2.4 Statistical Asymptotic Analysis
2.2.4.1

Preamble

As it will be expressed in Sect. 3.1 of Chap. 3, the set O of objects is generally a sample
of a universe (we can also say population) U, much more vast than O and even infinite.
Mostly, U is impossible to observe in its totality. And even if exhaustive observation is
possible, it is of importance—particularly for computational complexity reasons—to
know the validity of the inference obtained from a sample of U.
On the other hand, dually, a complete description of the O elements is impossible.
More often than not, the attributes retained for the description of O, constitute a
sample of a much larger set of attributes.
In these conditions, it is interesting to study some statistical asymptotic problems.
We present two convergence statistical problems concerning the central partition
method analysed by S. Régnier (1966), reported in [37] and worked on again in [23],
Chap. 4, or [25], Chap. 1. In the case concerned, the descriptive attributes are nominal
categorical (see Sect. 3.3.1 of Chap. 3). Extension of this analysis to other types of
descriptions might be envisaged. The presentation of these asymptotic convergence
problems require basic notions of probability theory, which can be found in [28, 33].
In the following development, only results obtained will be stated.

2.2.4.2

The First Convergence Problem

The object set O denoted here by {oi |1 ≤ i ≤ n} is viewed as the realization of
a random sample O = {oi |1 ≤ i ≤ n} of independent random elements provided
from a universe U of objects. U might be infinite, nonetheless, generally, U is finite,
its cardinality N (N = U) being “very” large. U is supposed to be endowed with a
probability measure that we designate by . A realization O of O is obtained by a
random drawing with replacement of a sequence of n objects. Due to the bigness of
N with respect to n, the probability to get more than once the same object in O, is
extremely small.
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The mapping a = (a1 , a2 , . . . , am , . . . , ap ) of the universe U into the Cartesian
product
C = C1 × C2 × · · · × Cm · · · × Cp
defining the description of U (see (2.2.1)) is supposed fixed. C is finite and a is
assumed measurable for  and for the uniform measure on C. Thereby, every part
of C is measurable and equally, the reverse image a−1 of the subset set of C into the
subset set of U determines a set of U subsets, measurable for  (see [28, 33] for the
definition of the measurability of a mapping).
A probability measure  on C is induced from  as follows:


(ξ) =  a1 (ξ)

(2.2.52)

The mapping a defines the representation of the random set O of objects in C.
The sequence of images
{i = a(oi )|1 ≤ i ≤ n}

(2.2.53)

is a sequence of n independent random elements of C, endowed with the probability
measure 
The realization of the sequence (2.2.53) in the form
{ωi = a(oi )|1 ≤ i ≤ n}

(2.2.54)

determines a discrete probability measure on C, defined by
(∀ω ∈ C), n (ω) =

nω
n

(2.2.55)

nω is the number of objects of O, whose representation is ω: nω = card
where
a−1 (ω) ∩ O .
According to the previous proposition, a central partition of O (resp., O ) is a
reciprocal image by a of a central partition of C, when C is endowed with the probability measure n (resp., ). In these conditions, we consider the central partition
search in C.
 designating the partition set of C, let π be an arbitrary element of  (π ∈ ).
According to (2.2.47), define
Dn (π) =

(ξη − gξη )2 n (ξ) · n (η)

(2.2.56)

(ξ,η)inC×C

where ξη is the indicator function of the equivalence relation on C associated with
π (ξη = 1 if ξ and η are in the same class of π and 0 if not). On the other hand,
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gξη =

1
sm
p 1≤m≤p ξη

m
where sξη
is the value for (ξ, η) of the indicator function on C, associated with the
image of the partition of O, defined by the attribute am , 1 ≤ m ≤ p.
The set of central partitions of C, provided with the probability measure n , is
defined as the following set Cn of partitions π where Dn (π) (see Eq. (2.2.56)) reaches
its lower bound:

Cn = {χ|Dn (χ) ≤ Dn (π) for all π ∈ }

(2.2.57)

Similarly, putting
(ξη − gξη )2 (ξ).(η)

D(π) =

(2.2.58)

(ξ,η)inC×C

we have
C = {χ|D(χ) ≤ D(π) for all π ∈ }

(2.2.59)

Relative to the latter equations, recall that Dn (π) (resp., D(π)) is associated with
O = {oi |1 ≤ i ≤ n} (resp., with O = {oi |1 ≤ i ≤ n}). In the framework of C n —
realization of C on O—endowed with its subset set and the probability measure
induced by , the statistic Dn (π), for a given π, is a realization of a random
 variable,
(π).
To
the
random
vector
Dn (π)|π ∈
also
denoted—without
ambiguity—by
D
n

 corresponds the centre Cn (see (2.2.57)) which is a random subset of . The
asymptotic behaviour of Cn (n → ∞) is stated as follows:
Proposition 26 Almost surely



Cl ⊂ C

(2.2.60)

n l≥n

that is to say,
Prob

⎧
⎨ 
⎩

n l≥n

Cl ⊂ C

⎫
⎬
⎭

=1

On the other hand,
limn→∞ Prob{Cn ⊂ C} = 1
The left member of (2.2.60) corresponds to limsupn→∞ Cn

(2.2.61)

2.2 Central Partition Method

2.2.4.3
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The Second Convergence Problem

We assume here that the set O of objects is fixed. Each descriptive attribute am
(am : O → Cm ) induces a partition Pm of O, 1 ≤ m ≤ p. The central partitions are
those which minimize the function, already considered in (2.2.7):
δp (P) =

1
δ(P, Pm )
p 1≤m≤p

(2.2.62)

where P is an element of the set P(O) of all partitions and where δ(P, Pm ) designates
the cardinal of the symmetrical difference between the graphs in O × O of the
equivalence relations associated with P and Pm , respectively, 1 ≤ m ≤ p.
In this problem of asymptotic behaviour, the sequence of attributes (am |1 ≤ m ≤
p) is regarded as a sample of a large set of attributes. More precisely, we suppose
that the sequence of partitions {Pm |1 ≤ m ≤ p} is a sample of p independent random
elements, provided from P(O), where the latter partition set is endowed with the
algebra of the set of its subsets and with a probability measure .
{Pm |1 ≤ m ≤ p} determines an empirical probability measure p (X), for X
belonging to P(O), which is the relative frequency (proportion) of partitions identical
to X. Equation (2.2.62) becomes
δp (P) =

δ(P, X)p (X)

(2.2.63)

X∈P(O)

In this empirical case, the set denoted by Cp of central partitions of O is defined
with respect to the family {Pm |1 ≤ m ≤ p} of P(O) elements, as follows:
Cp = {P|P ∈ P(O) and δp (P) ≤ δp (Y ) for all Y ∈ P(O)}

(2.2.64)

When p tends to infinity, the empirical distribution p tends to a distribution .
Putting
δ(P) =

δ(P, X)(X)

(2.2.65)

X∈P(O)

the associated centre C, where δ(P) reaches its minimum, is written as
C = {P|P ∈ P(O) and δ(P) ≤ δ(Y ) for all Y ∈ P(O)}

(2.2.66)

For P fixed, by associating a family of random partitions
{P1 , P2 , . . . , Pm , . . . , Pp }
with the observed one, δp (P) becomes a random variable defined on P(O)p endowed
with the algebra of its subset set and the probability measure induced by . In other
words, the limit distribution
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{(X, (X))|X ∈ P(O)}
is substituted for the empirical distribution
{(X, p (X))|X ∈ P(O)}
In this situation


δp (P)|P ∈ P(O)
becomes a random vector and the associated centre Cp becomes a random subset of
P(O).
 is assumed to be obtained as a limit of p , when p tends to infinity. Cp (resp.,
C) indicating the centre for p (resp., ), we have
Proposition 27 Almost surely
limsupp→∞ =



Cl ⊂ C

(2.2.67)

p l≥p

that is to say,
Prob

⎧
⎨ 
⎩

p l≥p

Cl ⊂ C

⎫
⎬
⎭

=1

On the other hand,
limp→∞ Prob{Cp ⊂ C} = 1

(2.2.68)

The proofs of the latter two propositions can be found in the references given in
the introductory section (see Sect. 2.2.4.1).

2.2.5 Remarks on the Application of the Central Partition
Method and Developments
In Sect. 2.2.1.3, relative to a pair of objects (x, y) in O × O, we have seen introduced
in a natural way the similarity index
gxy =

1
sm
p 1≤m≤p xy
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(See (2.2.23)) which represents the proportion of categorical attributes having the
same value in both objects x and y. gxy or more exactly txy = gxy − 0.5 (see (2.2.24))
is the similarity index sustaining the Central Partition Method.
The weakest point of this technique is due to the fact that, in principle, all the
descriptive categorical attributes are considered as equally discriminant. A consequence of this is the importance given to the reference value 21 for gxy . Thus, the
value 0 of txy must correspond to the case for which x and y are moderately similar
(middle resemblance).
Nonetheless, in the general case where the object set O is provided with a numerical similarity index Sim(x, y), deduced from a description by attributes of any sort
(see Chaps. 3 and 7), it is always possible to reduce the value scale of Sim(x, y) to the
interval [0, 1], in such a way that the value 0.5 corresponds to a middle resemblance.
This reduction is in fact considered by S. Régnier in order to adapt the transfer
algorithm to any similarity index Sim. The similarity function Sim is then represented
by a point in the continuous cube [0, 1]n×n , included in Rn×n . On the other hand, the
central partition P to be sought is represented in the latter cube by a point S whose
coordinates xy ((x, y) ∈ O × O) are 0 or 1 (0 (resp., 1) if x and y are separated
(resp., joined) by P).
With this formalism, P is all the more preferred that the Euclidean distance S −
Sim is small ( • is the Euclidean norm in Rn×n ). Therefore, the criterion established
in Sect. 2.2.1.3 applies. It becomes


1
Sim(x, y) −
xy
(2.2.69)
L(S) =
2
(x,y)∈O×O
However, this criterion becomes independent of the central partition notion.
This linear form of an association coefficient between a similarity Sim and a
partition P of O appears clearly in our statistical analysis of a criterion established
to validate a clustering of O. This criterion is written in the form
xy .c(x, y)

C(Sim, P) =

(2.2.70)

{x,y}∈F

(See Eq. 9.3.71 of Sect. 9.3.5.2 of Chap. 9) where c(x, y) is a normalized version
of Sim(x, y). This normalization of statistical nature is carried out empirically with
respect to the set F of unordered object pairs of O. It plays a fundamental role in
the LLA clustering approach. Therefore, C(Sim, P) is not a linear function of the
similarity table
{Sim(x, y)|(x, y) ∈ O × O}

(2.2.71)

In the method built by F. Marcotorchino and P. Michaud [31] the criterion to
maximize takes the linear form
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L(Sim, P) =

xy · Sim(x, y) =
(x,y)∈O×O

i,j · Simij

(2.2.72)

1≤k≤K (i,j)∈Ik ×Ik

where Ik is the index set coding the kth Ok , 1 ≤ k ≤ K.
The originality of the technique mentioned resides in using linear programming
under constraints as follows:
Maximize L(Sim, P) under the conditions
i,j ∈ {0, 1}
i,i = 1
i,j = j,i
(∀(i, j, l) ∈ I × I × I) i,j + j,l − i,l ≤ 1

(2.2.73)

The solution provided corresponds to a local maximum.
In [30] an interesting and rich formalization is proposed for similarity indices on
O in the case of a description by Boolean attributes. A large ensemble of similarity
functions is mutually compared according to algebraic properties. We cannot here
discuss this subject any further.
An important research direction indicated by A.K. Jain in an overview article
[18] concerns the development of ensemble clustering. The aim consists of deriving
a clustering on the set concerned O from a sequence of partitions of O, obtained
by applying sequentially a parametrized clustering algorithm on O. In this process,
the parametrization changes from one application to the next one. Iteration of the
K-means algorithm is considered in [18]. In these conditions, each of the partitions
obtained infers a nominal categorical attribute on O. Consequently, the methods
presented above apply and enable us to obtain a consensus partition of the different partitions obtained, in particular by the K-means algorithm. This algorithm is
involved in the next section.
By an analogous way, we can also propose to summarize different partitions of O,
obtained from repeatable applications of a parametrized non-hierarchical clustering
algorithm, by means of an ascendant agglomerative hierarchical clustering. For this
purpose, the general method expressed in Sect. 7.2.1 of Chap. 7 can be followed.
More particularly, we put for S j (x, y) of (7.2.1) the index corresponding to S j (oi , oi )
of (7.2.15), 1 ≤ j ≤ p, where p is the number of partitions obtained by repeating the
non-hierarchical clustering algorithm (e.g. the K-means algorithm).

2.3 Dynamic and Adaptative Clustering Method
2.3.1 Data Structure and Clustering Criterion
As mentioned in the Preamble (see Sect. 2.1), we shall describe the initial version of
the dynamic cluster method proposed by Diday [10, 11]. In this version the object set
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O to be clustered is represented by a set of points in the geometrical space Rp , where
R is the reals and p, a positive integer, corresponding to the number of numerical
attributes describing O. To fix ideas, we may suppose Rp endowed with the ordinary
Euclidean metric. On the other hand, if P = {O1 , O2 , . . . , Ok , . . . , OK } is a partition
by proximity of O, each of its classes is represented by a subset of O, comprising
a few elements, 1 ≤ k ≤ K. This cluster representation, adequately determined, is
expected to be more accurate than that defined by the centre of gravity (centroid) of
the cluster concerned, as in the K-means algorithm (see Sect. 2.3.2). For simplicity,
historical reasons and theoretical properties, the K-means version is mostly employed
[18]. An interesting historical overview of this general approach is given in [3].
To begin let us specify our notations. V = {v j |1 ≤ j ≤ p} designates the set
of numerical descriptive attributes and O = {oi |1 ≤ i ≤ n}, the set of the objects
described (see Sect. 3.2.2 of Chap. 3). The set I = {1, 2, . . . , i, . . . , n} codes O and
can be decomposed, according to the partition P (see above), as {Ik |1 ≤ k ≤ K},
where Ik is the subset of I, coding the class Ok , 1 ≤ k ≤ K. nk denoting the cardinality of Ok , or equivalently Ik , we have
nk = n = card(O)

(2.3.1)

1≤k≤K

The point of Rp , representing an object x of O, can be written as


v(x) = v 1 (x), v 2 (x), . . . , v j (x), . . . , v p (x)

(2.3.2)

In the K-means algorithm, the definition of the criterion evaluating a partition P of
the object set O depends uniquely on P. P = {O1 , O2 , . . . , Ok , . . . , OK }, designating
the partition of O into K non-empty classes, this criterion is a measure evaluating
globally and additively the respective cohesions of the different classes Ok , 1 ≤ k ≤
K. As mentioned above, each cluster Ok is represented by its centre of gravity, which
we denote by gk , 1 ≤ k ≤ K. More precisely,
gk =

1
n

oi

(2.3.3)

i∈Ik

where—without ambiguity—oi stands for the point of Rp , representing the object oi ,
i ∈ I. Equation (2.3.3) can be written as
gk − O =

1
nk

(oi − O)
i∈Ik

it reflects the vector writing
k = 1
Og
nk

i
Oo
i∈Ik
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where O designates here the origin point of Rp .
The cohesion of a given cluster Ok is defined by the sum of squared distances
of the different points of Rp , representing Ok , to the gravity centre of these points,
namely
Wk =

→
o−−
i gk

d 2 (oi , gk ) =
i∈Ik

2

(2.3.4)

i∈Ik

Thereby, the cohesion of Ok is all the more strong as Wk is small. In these conditions, the global cohesion of the partition P is evaluated by the smallness of
W (P) =

Wk

(2.3.5)

1≤k≤K

Consider now the cloud of points in Rp and designate it by N (I) (see Sect. 10.3.3
of Chap. 10). The inertia moment of N (I) can be written as


M N (I) =

d 2 (oi , G)

(2.3.6)

i∈I

where G is the centre of gravity of N (I). We have
G=

1
n

oi =
i∈I

1
n

nk gk

(2.3.7)

1≤k≤K

where nk , specified above, is the cardinality of Ok , 1 ≤ k ≤ K.
The general inertia decomposition formula with respect to the partition P is


M N (I) =

(Wk + Bk )

(2.3.8)

1≤k≤K

where
Bk = nk d 2 (gk , G)

(2.3.9)

In the previous formulas (2.3.3)–(2.3.9) all vertices in the cloud of Rp , associated
with O, are equally weighted. It is easy to generalize the methods studied below,
in the possible case of a representation by a cloud of points in Rp , non-equally
weighted. In the latter case, the inertia decomposition formula becomes (10.3.10) of
Sect. 10.3.3.1 of Chap. 10.
The K-means algorithm described in the next section comprises successive steps
of the same nature. In each of them, the criterion (2.3.5) is minimized at best. This
criterion is interpreted as the “lost” (or “residual”) inertia for the representation of
O by the cloud
(2.3.10)
N (G) = {(gk , nk )|1 ≤ k ≤ K}
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Other criteria having the same general analytical form as (2.3.5) can be substituted
for W (P), that is,
δ(oi , ek )

(2.3.11)

1≤k≤K i∈Ik

where δ is a dissimilarity index on O and ek , a prototype of the cluster Ok ,
1 ≤ k ≤ K.
Equation (2.3.11) can be denoted by (L, P), where
L = (e1 , e2 , . . . , ek , . . . , eK )

(2.3.12)

is the prototype sequence, ek , representing the cluster Ok , 1 ≤ k ≤ K.
Equation (2.3.11) is the form of the criterion employed in dynamic cluster methods
[3, 10, 11]. In order to make explicit this criterion, let us suppose the partition P
with labelled classes. Hence, P is defined as the ordered sequence
P = (O1 , O2 , . . . , Ok , . . . , OK )

(2.3.13)

t(P) = (n1 , n2 , . . . , nk , . . . , nK ), where nk = card(Ok ), 1 ≤ k ≤ K, is the partition type of P.
In this technique, the setting of the criterion depends on two arguments: the partition P (see (2.3.13)) and a sequence of integers
(m1 , m2 , . . . , mk , . . . , mK )

(2.3.14)

such that
(∀k, 1 ≤ k ≤ K), mk < nk
where mk specifies the cardinal of the subset ek of the entire set O, which represents
the class Ok , 1 ≤ k ≤ K. ek will be called the kernel of Ok .
(L, P) (see (2.3.11)) can be normalized in order to refer to a suitable scale taking
into account the respective cardinalities of the ek , 1 ≤ k ≤ K. In practice, mostly,
the different integers mk are taken mutually equal in the form mk = [α × (n/K)],
where α is a proportion chosen (e.g. α = 0.1) and where [•] designates the integer
part of •. To fix ideas, without loss of generality, the latter option is considered in
the following; that is, mk = m for all k, 1 ≤ k ≤ K.
In these conditions, given P, the kernel ek representing the kth class Ok , is
defined as
⎡
⎛
⎞⎤
Arg ⎣mine∈P(m,O) ⎝
(x,y)∈Ok ×e

δ(x, y)⎠⎦

(2.3.15)
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where P(m, O) is the set of all subsets of cardinal m. There are in all mn such subsets.
In fact, e is obtained by carrying out a sort of the m O elements which are the
nearest Ok cluster, according to the dissimilarity index
δ(y, Ok ) =

δ(x, y)

(2.3.16)

x∈Ok

Generally, only one solution exists for e, answering (2.3.15). If more than a single
solution can be provided, the first encountered is selected.
The global fitting criterion between L (see (2.3.12)) and P (see (2.3.13)), corresponding to (2.3.11), can be written as
δ(x, y)

(L, P) =

(2.3.17)

1≤k≤K (x,y)∈Ok ×ek

Several types of δ dissimilarity indices can be considered [3]. The most classical
one is associated with the Euclidean representation of O in Rp . This index can be
written as
d 2 (x, y) =

(ξ j − η j )2

(2.3.18)

1≤j≤p

where (ξ j |1 ≤ j ≤ p) and (η j |1 ≤ j ≤ p) are the respective coordinates of the points
denoted by x and y, representing the objects x and y in Rp . Notice that (2.3.18) is
directly derived from the distance index used in the K-means method.
Let us indicate here that the LLA approach enables us to get with a unique principle,
dissimilarities called informational dissimilarities, for a very large scope of data
structures. Different types of objects can be compared. The general form of the
dissimilarity table concerned is given in (7.2.7) of Sect. 7.2.1 of Chap. 7.

2.3.2 The K-Means Algorithm
We consider the geometrical representation of the object set O by a cloud of points
designated by N (I) (N (I) = {oi |i ∈ I}), equally weighted, in the space Rp , endowed
with the usual Euclidean metric (see (2.3.18)).
The initial state of the algorithm might be either a partition


P0 = O10 , O20 , . . . , Ok0 , . . . , OK0
of O, or a set


G 0 = g10 , g20 , . . . , gk0 , . . . , gK0
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of K distinct points. These define a system of K attraction centres. They are determined at random or from expert knowledge. Without loss of generality, we assume
to start with


G 0 = g10 , g20 , . . . , gk0 , . . . , gK0

(2.3.19)

In these conditions, the first step of the K-means algorithm consists of attaching
each vertex of the cloud N (I) to the nearest attraction centre belonging to G 0 . In the
case where more than a single element satisfies the proximity requirement, the first
encountered is selected. O is then divided into K classes. Let us denote by


P0 = O10 , O20 , . . . , Ok0 , . . . , OK0

(2.3.20)

the partition obtained. Ok0 is composed of the set of objects of O assigned to gk0 ,
1 ≤ k ≤ K. We have
Ok0 = {x|x ∈ O, d(x, gk0 ) ≤ d(x, gk0 ) for k = k, 1 ≤ k, k ≤ K}

(2.3.21)

As mentioned above, for a given x in O, k is the lowest label for which the
condition
d(x, gk0 ) ≤ d(x, gk0 ) for k = k
holds.
Notice that some of the classes of P0 might be empty. In fact, some attraction
centres in G 0 —which do not correspond to elements of N (I)—can remain isolated
in the assignation process. In these conditions, let


1
P1 = O11 , O21 , . . . , Ok1 , . . . , OK(1)

(2.3.22)

be the partition of O into the non-empty classes of P0 , K(1) ≤ K.
From P1 a new system


1
G 1 = g11 , g21 , . . . , gk1 , . . . , gK(1)

(2.3.23)

of attraction centres is determined, where
gk1 =

1
nk1

oi

(2.3.24)

i∈I1k

where I1k is the subset of I coding the class Ok1 , whose cardinality is denoted by nk1 ,
1 ≤ k ≤ K(1).
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It is exceptional that two different gravity centres of G 1 coincide. However, mathematically, this case cannot be excluded. Hence, we may introduce


2
G 2 = g12 , g22 , . . . , gk2 , . . . , gK(2)

(2.3.25)

which is composed of mutually distinct elements of G 1 , K(2) ≤ K(1).
It is easy to observe that each step of this algorithmic process decreases the
criterion W (P) (see (2.3.5)). Consequently, this process converges. In the case where
this convergence is reached too slowly, the process is stopped when the relative
decreasing of W (P) becomes negligible.
The asymptotic convergence of this algorithm under different probabilistic or
continuous models is studied in [2, 4, 26, 34]. This facet will be described more in
Sect. 2.3.4.2.
To end this section let us recall the version of the K-means algorithm as it was
named and defined by McQueen [29]. In this, the reactualization of the attraction
centre (centre of gravity) of a given cluster is carried out as the class formation goes
along. More precisely, suppose that at a given step, C is a cluster already constituted
and denote by g the gravity centre of C. If at the next step an object x of O is assigned
to C—because g is the x nearest gravity centre, among the different gravity centres
of the clusters formed—then g is replaced by the centre of gravity of C + {x}. For
more details we may refer to [1] pages 162–163. In the following, we will not be
concerned in generalizing the McQueen version.

2.3.3 Dynamic Cluster Algorithm
Assume that K is the upper bound of the number of classes of the partition P to be
sought. Moreover, suppose that each of the P classes is represented by a subset of
the object set O, whose cardinality is m. As expressed in the preceding section, m is
generally a small number with respect to n = card(O). As said, m might correspond
to the integer part of α × (n/K), where α is a small proportion, for example α = 0.1.
Now, let PK be the set of all labelled partitions of O into K non-empty classes at
the most. We have
card(PK ) = K n

(2.3.26)

On the other hand let LK designate the set of sequences of K kernels at the
most, of equal size m. Thus, each kernel
is defined by a subset of O whose cardi
nality is m. Therefore, there are mn choices for a given kernel e. The latter corresponds to a given non-empty component of a given L in LK . L will be denoted by
(e1 , e2 , . . . , ek , . . . , eK ) and called a system of kernels.
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Two Mappings ν and π: Allocating and Centring

ν makes correspondence from PK to LK . To each element P of LP , ν will associate
an element L of LK which maximizes the fitting of L to P. More formally, ν is a
mapping of PK to LK :
ν : PK −→ LK
P → ν(P) = L

(2.3.27)

where L is a kernel system minimizing the criterion
δ(oi , ek )

(L, P) =

(2.3.28)

1≤k≤K i∈Ik

considered in (2.3.11).
To fix ideas, assume in (2.3.27) that P is composed of K non-empty classes and
follow the development of the previous section: Eqs. (2.3.11)–(2.3.17). The kernel
ek is obtained according to (2.3.15), as associated with the cluster Ok , 1 ≤ k ≤ K.
However, two distinct clusters might give rise to the same kernel. In these conditions,
ν(P) is obtained by reducing the initial sequence (e1 , e2 , . . . , ek , . . . , eK ), preserving
all mutually distinct kernels.
π is a mapping of LK into PK :
π : LK −→ PK
L → π(L) = P

(2.3.29)

where the partition P is obtained by assigning each of the O objects to the nearest
kernel of L, according to the criterion
δ(y, x)

δ(e, x) =

(2.3.30)

y∈e

In this way, each of the obtained P classes surrounds at the best one kernel of L.
More precisely, the kth class of P, 1 ≤ k ≤ K, is defined as
Ok = {x|δ(ek , x) ≤ δ(ek , x) for k = k, 1 ≤ k ≤ K}

(2.3.31)

Now, if we consider the geometrical framework in which this algorithm lies, the
dissimilarity δ(e, x) (see (2.3.30)) has to be defined by the sum of squared distances
between x and the different elements of e, that is,
d 2 (y, x)

D(e, x) =
y∈e

(2.3.32)
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Fig. 2.1 A single kernel for
two clusters
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For this distance, as for possible others, a single P class might be obtained from
two distinct kernels of L. In (2.3.32) we refer to (2.3.18) for d 2 (y, x).
A Geometrical Illustration
The distance between a set of points and a single point in a geometrical space is
considered here defined as in (2.3.32). Two cases have to be illustrated.
1. A single kernel might correspond to two distinct classes;
2. Two distinct kernels might give rise to a single class.
For item 1, two clusters of points are considered in Fig. 2.1, where 10 points are
involved. The points of one of both clusters are marked by “x” and those of the other
one, by “•”. Both clusters have the same kernel sized 2 which is surrounded.
For item 2, consider the set of 10 points in Fig. 2.2 and the kernel system
({a, f }, {c, d}, {i, j}). The elements of a given kernel are shown with brackets of
the same type: (), [] or {}. Every point of the cluster {a, b, c, d, e, f } is assigned to
the kernel {a, f }; c and d are themselves assigned to {a, f }, according to the distance
D(e, x) (see (2.3.32))

2.3.3.2

Convergence Condition

Although the objective is to discover a “good” partition of O, with clusters having
strong cohesion, the dynamic cluster algorithm has to be viewed as searching a
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“good” kernel system. In fact, a single step of this algorithm consists of substituting
for a given kernel an improved one. This is obtained from the partition associated
from the last partition obtained by means of the criterion δ(e, x) (see (2.3.30) and
(2.3.31)).
Let L 0 designate the initial kernel system. The latter might be chosen at random.
We have for the following kernel systems
L 1 = ν ◦ π(L 0 )
L 2 = ν ◦ π(L 1 )
− − − − − − −−
L i = ν ◦ π(L i−1 )
− − − − − − −−

(2.3.33)

where ν and π were defined in (2.3.27) and (2.3.29). L i is the kernel system obtained
after the ith step of the algorithm. The latter stops after the tth step if
ν ◦ π(L t ) = L t

(2.3.34)

L t is a kernel system which cannot be enhanced. It defines a fixed point of the
mapping ν ◦ π. We can write for the tth iteration
L t = ν ◦ π(L 0 )

(2.3.35)

where t is the lowest integer for which
(ν ◦ π)t+1 (L 0 ) = (ν ◦ π)t (L 0 )

(2.3.36)

Clearly, this algorithm is justified only if, for every i, the adequacy of L i to the
associated partition π(L i ) is at least as good as that of L i−1 to π(L i−1 ), that is, by
referring to (2.3.28),
(L i , π(L i )) ≤ (L i−1 , π(L i−1 ))

(2.3.37)



Proposition 28 The sequence { L i , π(L i ) |i ≥ 0} decreases if for any pair (L, M)
of kernel systems, the following condition is satisfied:








 L, π(M) ≤  M, π(M) ⇒  L, π(L) ≤  M, π(M)

(2.3.38)

In fact by construction (see (2.3.15)), we have
(L i , π(L i−1 )) ≤ (L i−1 , π(L i−1 ))

(2.3.39)
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The condition (2.3.38) implies
(L i , π(L i )) ≤ (L i , π(L i−1 ))

(2.3.40)

From (2.3.39) and (2.3.40) we obtain, by transitivity,
(L i , π(L i )) ≤ (L i−1 , π(L i−1 ))

(2.3.41)

Intuitively, in geometrical context, condition (2.3.38) appears as very natural. It
expresses that if the kernel system L does better than M, with respect to the partition
π(M), then L does better for π(L), than M for π(M).
Now, by considering the dissimilarity index D(e, x) (see (2.3.32)), we shall show
that the condition (2.3.38) is effectively satisfied for a set of objects O, which is
represented by a cloud of points in the geometrical space Rp .
Let


 
M, π(M) = (c1 , c2 , . . . , ck , . . . , cK ), (C1 , C2 , . . . , Ck , . . . , CK )

(2.3.42)

be an ordered pair of a kernel system M and its associated partition π(M). Recall that
card(ck ) = m, for all k (1 ≤ k ≤ K) and suppose, to fix ideas, that all of the classes
Ck are non-empty. In these conditions, consider a kernel system
(e1 , e2 , . . . , ek , . . . , eK )
and suppose satisfied the left side of the implication (2.3.38), that is,
D(y, ek ) ≤
1≤k≤K y∈Ck

D(y, ck )

(2.3.43)

1≤k≤K y∈Ck

The partition
π(L) = (O1 , O2 , . . . , Ok , . . . , OK )
where Ok is attracted by ek , is necessary such that
D(y, ek ) ≤
1≤k≤K y∈Ok

D(y, ek )

(2.3.44)

1≤k≤K y∈Ck

In fact, for a given k and y ∈ Ck , if D(y, eh ) < D(y, ek ), for k = h, y will be
assigned to Oh in π(L) and the associated criterion diminution is D(y, ek ) − D(y, eh ).
Effectively, Oh is constituted of all elements y, such that D(y, eh ) is minimum.

2.3 Dynamic and Adaptative Clustering Method

91

2.3.4 Following the Definition of the Algorithm
2.3.4.1

Clustering Structures Associated with the Repetition
of the Algorithm Process

To fix ideas and without real loss of generality, we suppose in this section that the
set of objects O, as represented by a cloud of n points in the geometrical space Rp ,
endowed with the ordinary Euclidean metric.
The most vulnerable point in the K-means or dynamic cluster algorithms consists
of initial choice of attraction centres in the K-means, or kernels, in the dynamic cluster
cases, respectively. Generally, these choices are carried out at random and then,
repeating the algorithm process from different systems of attraction centres (for the Kmeans version) or kernels (for the dynamic cluster version), is needed. This repetition
enables different algorithmic results, associated with different initializations, to be
compared and synthesized. In the following, we shall focus on these aspects in the
case of dynamic cluster algorithm.

Strong and Weak Patterns
Let
(L 1 , L 2 , . . . , L j , . . . , L J )

(2.3.45)

be a sequence of kernel systems. We may assume that the L j , 1 ≤ j ≤ J, are obtained
randomly and independently. L j is supposed to be written in the form


j
j
j
j
(2.3.46)
L j = e1 , e2 , . . . , ek , . . . , eK
j

where card(ek ) = m, 1 ≤ k ≤ K, 1 ≤ j ≤ J.
Now, let
(P1 , P2 , . . . , Pj , . . . , PJ )

(2.3.47)

be the sequence of partitions obtained (after convergence) by the dynamic cluster
algorithm from the kernel system (2.3.45). Pj is obtained from L j , 1 ≤ j ≤ J.
In relation to the partition sequence (2.3.47), Diday introduces [10], intuitively,
the respective notions of “strong pattern” (“forme forte”) and “weak pattern” (“forme
faible”). In fact these notions can be formally expressed with respect to the lattice
order endowing the partition set of O (see Sect. 1.1 of Chap. 1). For this, let us begin
by defining the two following partitions:
P =


1≤j≤J

Pj

(2.3.48)
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Q =



Pj

(2.3.49)

1≤j≤J



where
and
denote, respectively, the greatest lower bound (infimum) and the
least upper bound (supremum) operations in the partition lattice.
We shall consider hereafter the partition P . If we denote the partition Pj as

j
(2.3.50)
Pj = Ok |1 ≤ k ≤ Kj
where Kj ≤ K, a given class of P can be written as follows:
 j
Okj

(2.3.51)

1≤j≤J

where kj is a subscript comprised between 1 and Kj , 1 ≤ j ≤ J.
Thereby, we have
⎧
⎫
⎨
⎬
j
P =
Okj |1 ≤ kj ≤ Kj
⎩
⎭

(2.3.52)

1≤j≤J

The theoretical number of classes of the partition P is
!
Kj
H=

(2.3.53)

1≤j≤J

However, in practice, many of the P classes, as expressed in (2.3.52), are empty.
This, all the more, as O is classifiable with respect to the distance, which is provided
(see Sect. 8.7 of Chap. 8). The classes of P are called “strong patterns” (“formes
fortes”).
Note here that Q is the partition of O associated with the equivalence relation
defined by the transitive closure of the binary relation on O
Q = P1 ∨ P2 ∨ · · · Pj ∨ · · · ∨ PJ

(2.3.54)

where Pj indicates here the equivalence relation on O, defined by the partition Pj of
O, 1 ≤ j ≤ J
The classes of the partition Q are called “weak patterns” (formes faibles).
Facing to repetition of the dynamic cluster algorithm process, from a sequence of
kernel systems (see (2.3.45)), strong and weak patterns enable the interpretation of
the results (see (2.3.47)) to be ordered.
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Statistical Significance of Strong Patterns
The strong patterns (formes fortes) are the more interesting to be handled and interpreted. There are two ways to observe their respective validities. The first one is
static and can be expressed after J iterations of the algorithmic process (see (2.3.45)–
(2.3.47)). The second one is recursive and is defined after each iteration of the algorithmic process.
For the first approach, it comes to measure the internal agreement of the different
partitions of (2.3.47). The most natural is to refer mutual independence statistical
hypothesis between the partitions observed at the end of the algorithmic process. In
this context, the most classical measure is provided by the chi-square statistic [20]
(see (6.2.43) of Sect. 6.2.3.5 of Chap. 6). In order to express this statistic here, let us
introduce, relative to the partition Pj (see (2.3.50)), the parameters
j

(∀k), 1 ≤ k ≤ K, 1 ≤ j ≤

j
J, nk

=

j
card(Ok )

and

j
pk

n
= k
n

(2.3.55)

On the other hand, relative to the partition P (composed of strong patterns),
introduce its class cardinals, that is,
⎛
⎞

nk1 k2 ...kj ...kJ = card ⎝
Okj ⎠
(2.3.56)
1≤j≤J

In these conditions, the chi-square statistic χ2 can be written as follows:
χ =
2

(k1 ,k2 ,...,kj ,...,kJ )


2
nk1 k2 ...kj ...kJ − npk1 × pk2 × · · · × pkj × · · · × pkJ
npk1 × pk2 × · · · × pkj × · · · × pkJ
j

(2.3.57)

where pkj is what we have denoted above by pk (see (2.3.55)).
The independence hypothesis against to which the chi-square statistic (2.3.57) is
established is far from the real nature of the problem in question. In fact, whatever is
the relative arrangement of the respective points representing O in Rp , the different
partitions Pj , 1 ≤ j ≤ J, are necessarily, near statistically, because they are obtained
by the same algorithm, processed on the same set, endowed with a fixed distance.
In fact, the matter consists of studying the distribution of (2.3.57) in the case of
a random class of n points in Rp . The randomness might be defined by a multidimensional distribution (e.g. Gaussian distribution) adequately associated with the
empirical distribution of the numerical attributes describing O. For simplicity reasons, the latter distribution can be defined as the product of p independent Gaussian
probability laws, where the jth one is associated with the empirical distribution of
the jth descriptive attribute, 1 ≤ j ≤ p. In these conditions, the mean and variance
of the jth probability law might be chosen as identical to those of the jth empirical
distribution.
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The analytical complexity for establishing the probability law of (2.3.57) under
the probabilistic model we have just described leads us to propose to proceed by
simulation. R independent random realizations of the cloud of n points associated with
the observed one are carried out. For each realization, J independent repetitions of the
dynamic cluster algorithm, from J kernel systems as (2.3.46) above, are performed
and then, the chi-square statistic (2.3.57) is calculated. The sequence of the R values
of χ2 , so obtained, enables the distribution of (2.3.57) to be observed under an
adequate random model of no relation between the data units. Consequently, the
observed value of (2.3.57) in a real case can be validated.
Notice that the coefficients described in Sect. 6.2.3.5 of Chap. 6 show that other
indices than the χ2 might be considered. For this, a certain research turn out to be
needed.
As mentioned above, a second method, which permits the validity or prehension
of the strong patterns to be established, has a sequential nature. It takes place after
each iteration of the algorithm. More precisely, imagine the partition P (see (2.3.48)
and (2.3.50)) get after J iterations and let
P = {Ok |1 ≤ k ≤ K}

(2.3.58)

be the partition obtained after a new iteration (the (J + 1)th one). If C is a class of
P , the method evaluates how C is questioned by P.
For this evaluation—as suggested by Diday—the Shannon entropy can be used.
It is written as follows:
p(k/h)logK (p(k/h))

H(P/C) = −

(2.3.59)

1≤k≤K

where k and h stand for Ok and C and where
p(k/h) =

card(Ok ∩ C)
card(C)

(2.3.60)

1 ≤ k ≤ K.
A value 1 for one of the conditional probabilities (proportions) (2.3.60) means
that the class C is included in one of the classes Ok . In this case, the class C is not
questioned by the partition P and the value of H(P/C) is null. The opposite case is
that for which C is equally distributed on the different classes Ok , 1 ≤ k ≤ K. In this
situation, each of the rations (2.3.60) is equal to 1/K and H(P/C) = 1.
Consequently, the measure (2.3.59) permits us to evaluate the concentration of
the class C with respect to the different classes of the partition P.
Now, to integrate the respective contributions of all the P classes, the following
coefficient has to be adopted according to (2.3.59):
H(P/P ) = −

p(k/h)logK (p(k/h))
1≤h≤H 1≤k≤K

(2.3.61)
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Other coefficients than (2.3.59) can be used for the same purpose. The most known
is the Gini index. It can be written as follows:
φ(P/C) = 1 −

p(k/h)2

(2.3.62)

1≤k≤K

Its value is comprised between 0 and (1 − (1/K)): 0 in the case where C is
contained in one of the classes Ok and (1 − (1/K)) in the case where C is uniformly
distributed among the different classes Ok , 1 ≤ k ≤ K.

Consensus by a Partition or a Partition Chain
In terms of methodology, a few things have to be added to what was expressed at the
end of Sect. 2.2.5. Nevertheless, the context here is very different. Let
(P1 , P2 , . . . , Pj , . . . , PJ )

(2.3.63)

be the sequence of partitions obtained by the dynamic cluster algorithm from the
kernel system (2.3.45). In (2.3.63), Pj is the partition obtained from L j at the jth
iteration of the algorithmic process, 1 ≤ j ≤ J.
Every partition Pj can be assimilated to a partition induced by a nominal categorical attribute on O, with Kj values, 1 ≤ j ≤ J. The specificity of this interpretation is
that these attributes are statistically very close. In fact, the different partitions Pj of
O, 1 ≤ j ≤ J, are obtained by applying the same algorithm, but with different initial
states. These partitions are all the more near that the set O endowed with its distance
function is classifiable (see Sect. 8.7 of Chap. 8).
In these conditions, every clustering method of a set of objects described by
nominal categorical attributes applies, in particular, the partition central method,
which is conceived for this type of description (see Sect. 2.2). Also, we have point out
at the end of Sect. 2.2.5 the usage of ascendant agglomerative hierarchical clustering,
with the similarity index defined in Sect. 10.2.1 of Chap. 10.
In fact, following the definition of a similarity or dissimilarity index between
objects described by categorical nominal attributes, every clustering algorithm which
can handle the similarity or dissimilarity index concerned is able to built a consensus
between the different partitions Pj , 1 ≤ j ≤ J. Clearly, the consensus result is strongly
dependent on the method used.
Notice that in our particular situation (see (2.3.63)), whatever the similarity (resp.,
dissimilarity) index chosen, the similarity (resp., dissimilarity) function is maximal
(resp., minimal) for any pair of objects belonging to the same strong pattern. Thus,
the strong patterns belonging to P (see (2.3.52)) will appear as subclasses of larger
classes. It is interesting to observe how the strong patterns are organized for a given
clustering consensus method.
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2.3.4.2

Some Important Developments of the K-Means or Dynamic
Cluster Methods

Due to the geometrical nature of the notions handled in these adaptative reallocatingrecentring algorithms, the clearest expression of these concerns clustering a cloud of
points in an Euclidean space. However, their flexibility, combined with the additive
form of the adequation criterion (see (2.3.30)), make that they apply to a large extent
of data structures and cluster representations [12]. In [14] each cluster is characterized
by a factorial plan corresponding to a local component analysis [21, 25], Chap. 6.
In another statistical situation [15] each cluster is defined by a random model
represented by a multidimensional distribution. The latter, denoted by Fk , is supposed characterized by a vector parameter θk , 1 ≤ k ≤ K. The whole cloud in Rp
associated with the representation of the set of objects O is seen as the realization of
a probabilistic mixing of K distributions. It can be set in the form
F=

pk Fk

(2.3.64)

1≤k≤K

where pk is the probability of the Fk occurrence, 1 ≤ k ≤ K
pk = 1
1≤k≤K

In this approach, the kernel system becomes
(θ1 , θ2 , . . . , θk , . . . , θK )

(2.3.65)

The criterion maximized is the likelihood logarithm of the observed sample
{xi |1 ≤ i ≤ n}, where xi represents the ith object in Rp . This criterion comes down
to the additive form (2.3.30) [16, 38].
This formalization of the clustering problem is the same as that of ExpectationMaximisation (EM) algorithm [5, 9, 32, 39]. Relative to the general principle, E
and M, respectively, correspond to the allocation and centring steps of the general
algorithm type considered in this section.
The development of the EM algorithm is more global than that resulting from
the adaptation of dynamic cluster algorithm [16]. The same general form of the
distributions Fk , 1 ≤ k ≤ K, is assumed in the EM algorithm. Mostly, this form is
Gaussian. In [6] EM algorithm is proved to be equivalent to the K-means algorithm—
with the inertia criterion—under a spherical Gaussian mixture.
Let us return now to the initial representation of a class Ok of a partition P =
{Ok |1 ≤ k ≤ K} of an object set O by a subset e of O (see Sect. 2.3.3.1). As already
indicated, the most vulnerable feature of the dynamic cluster algorithm concerns
the initial choice of the kernel system L 0 (see Sect. 2.3.3.2). For simplicity reasons
and also because it is mostly practiced, we have supposed above a common size,
denoted by m, for the different kernels. Generally, the order of m is a few units
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(m = 1, 2 or 3). If we accept the representation of each of the P classes by one of
its elements, the “Attraction poles” method [22, 24, 27] and [25], Chap. 8, provides
an objective statistical technique in order to determine a system of attraction poles,
playing efficiently the role of an initial kernel system. This determination method
is based on a variance analysis of the mutual distances between the elements of the
object set O. More precisely, suppose that we want a system of K attraction poles.
If {e1 , e2 , . . . , ek−1 } designates the set of the k − 1 first poles extracted, k ≤ K, the
kth pole ek is determined from a statistical coefficient combining two conditions:
1. The variance of the distances (or proximities) of ek to the other elements of O is
as large as possible;
2. ek is as far as possible from {e1 , e2 , . . . , ek−1 }.
The Pole attraction method was first conceived as a seriation method [24].
Afterwards, it was extended and gave rise to a large family of clustering methods [22, 27] and Chap. 8 of [25]. Let us precise briefly the general principle of
these methods. An increasing sequence of the number K of classes is considered:
K = 2, 3, . . . , l, . . . , L. For a given value l of K, we determine a Pole attraction
system {e1 , e2 , . . . , el }, comprising l elements. Then, each of the objects of O is
assigned to the (or one of the) nearest attraction pole among e1 , e2 , . . . , el , creating
thus a partition of O into exactly l clusters. In this way, ei is naturally included in
the ith cluster, 1 ≤ i ≤ l.
Otherwise and importantly, this partition is evaluated according to the adequacy
criterion studied in Sects. 9.3.5 and 9.3.6 of Chap. 9. Thereby, only some values
of l are retained as corresponding to “natural” numbers of classes. Therefore, this
method does not require to fix beforehand a number of classes. A top-down but nonhierarchical sequence of partitions is collected, each being accompanied by a high
value of the adequacy criterion.
Determining an initial kernel system as the pole attraction system effectively
contributes to any of the K-means or dynamic cluster algorithms. Experimentally,
we observe a very quick convergence of these algorithms when the starting point
is a system of attraction poles. On the other hand, theoretically, the attraction poles
showed all interest in a continuous model of perfect classifiability [26].
This model is defined by a sequence of two consecutive intervals of an horizontal
axis, I1 and I2 , uniformely weighted with a density equal to 1, separated by an empty
interval I. The respective lengths of I1 , I2 and I are the parameters of the analysis
of the K-means convergence algorithm studied in [26]. This analysis was discussed
with great interest in [4].
The nature of the convergence problem considered in [34] is very different from
that we have just mentioned. In [34] it is not a question of the convergence of the
K-means algorithm towards an optimal solution. The matter is rather the convergence of an optimal solution of the K-means algorithm calculated for a random
sample of infinite population towards the optimal solution of this algorithm, applied
to the entire population. Therefore, the latter problem has a classical nature in terms
of Mathematical Statistics. More precisely, consider the application of the K-means
algorithm to the geometrical space Rp , endowed with a probability measure P ,
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such that the algorithm converges to a unique optimal solution defined by a system
L = (g1 , g2 , . . . , gk , . . . , gK ) of centres of gravity. Now, consider a random sample O(n) of size n provided from the probabilized space Rp and let us designate
by L (n) = (g1(n) , g2(n) , . . . , gk(n) , . . . , gK(n) ) the unique optimal solution of the K-means
algorithm applied on O(n) , the Pollard theorem specifies the conditions under which
L (n) converges almost surely to L. This convergence is point by point, and it implies
associated labellings between the elements of L (n) and those of L.
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