
Contents

I Steady-State Solutions of the Navier–Stokes Equations:

Statement of the Problem and Open Questions . . . . . . . . . . . 1
Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
I.1 Flow in Bounded Regions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
I.2 Flow in Exterior Regions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

I.2.1 Three-Dimensional Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
I.2.2 Plane Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

I.3 Flow in Regions with Unbounded Boundaries . . . . . . . . . . . 17

II Basic Function Spaces and Related Inequalities . . . . . . . . . . . 25
Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
II.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

II.1.1 Basic Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
II.1.2 Banach Spaces and their Relevant Properties. . . . . . . . . . 29
II.1.3 Spaces of Smooth Functions . . . . . . . . . . . . . . . . . . . . . . . . 35
II.1.4 Classes of Domains and their Properties . . . . . . . . . . . . . . 36

II.2 The Lebesgue Spaces Lq . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
II.3 The Sobolev Spaces Wm,q and Embedding Inequalities . . . 48
II.4 Boundary Inequalities and the Trace of Functions of Wm,q 61
II.5 Further Inequalities and Compactness Criteria in Wm,q . . 69
II.6 The Homogeneous Sobolev Spaces Dm,q and Embedding

Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
II.7 Approximation of Functions from Dm,q by Smooth

Functions and Characterization of Space Dm,q
0 . . . . . . . . . . 102

II.8 The Normed Dual of Dm,q
0 (Ω). The Spaces D−m,q

0 . . . . . . . 109
II.9 Pointwise behavior at Large Distances of Functions from

D1,q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
II.10 Boundary Trace of Functions from Dm,q(Rn

+) . . . . . . . . . . . 121
II.11 Some Integral Transforms and Related Inequalities . . . . . . 125
II.12 Notes for the Chapter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

ix



III The Function Spaces of Hydrodynamics . . . . . . . . . . . . . . . . . . 139
Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
III.1 The Helmholtz–Weyl Decomposition of the Space Lq . . . . 141
III.2 Relevant Properties of the Spaces Hq and Gq . . . . . . . . . . . 155
III.3 The Problem ∇ · v = f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
III.4 The Spaces H1

q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
III.4.1 Bounded Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
III.4.2 Exterior Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
III.4.3 Domains with Noncompact Boundary . . . . . . . . . . . . . . . . 198

III.5 The Spaces D1,q
0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

III.6 Approximation Problems in Spaces H1
q and D1,q

0 . . . . . . . . 218
III.7 Notes for the Chapter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

IV Steady Stokes Flow in Bounded Domains . . . . . . . . . . . . . . . . . 231
Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
IV.1 Generalized Solutions. Existence and Uniqueness . . . . . . . . 233
IV.2 Existence, Uniqueness, and Lq-Estimates in the

Whole Space. The Stokes Fundamental Solution . . . . . . . . . 238
IV.3 Existence, Uniqueness, and Lq-Estimates in a

Half-Space. Evaluation of Green’s Tensor . . . . . . . . . . . . . . . 247
IV.4 Interior Lq-Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263
IV.5 Lq-Estimates Near the Boundary . . . . . . . . . . . . . . . . . . . . . . 271
IV.6 Existence, Uniqueness, and Lq-Estimates in a Bounded

Domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279
IV.7 Existence and Uniqueness in Hölder Spaces. Schauder
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